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Abstract—We present matrix network coding methods that are
naturally amenable to a distributed implementation method, i.e.,
do not require the knowledge of network topology, and that are
suitable for network error correction. First, the Singleton bound
can be K-fold increased by employing a K ×K matrix coefﬁcient.
Moreover, we prove that matrix network coding outperforms
linear network coding, since it corrects more errors than linear
network coding, while the amount of header overhead per packet
can be kept the same by reducing the ﬁnite ﬁeld size. This comes
from the fact that the ﬁnite ﬁeld size of matrix network coding
required to guarantee the sufﬁcient decoding probability is much
smaller than linear network coding. Secondly, matrix network
coding is reﬁnable in the sense that, by receiving a larger number
of network coded packets, larger error correction capabilities are
achieved. Simulation results show that matrix network coding can
provide 0.7 − 2[dB] more coding gain than the linear network
coding schemes.

I. I NTRODUCTION
Recently, wireless ad-hoc networks have received much
attention, because of their applications to sensor networks
and wireless local-area network (LAN) meshes. Such adhoc networks can improve the coverage of LANs and enable
networking among wireless sensors and handheld devices.
For such consumer applications, a wireless ad-hoc network
needs to accommodate multiple data-ﬂows that have different
source/destination pairs. Each data-ﬂow takes multiple hops
over the air from a source node to a destination node, thus
requiring intermediate nodes for relaying. Usually, such relaying protocol has been implemented using ad-hoc routing
protocols, for example, ad-hoc on demand vector routing
(AODV) in WLAN mesh using IEEE 802.11s standards [14].
Unfortunately, such ad-hoc routing schemes may not provide
enough performance and robustness to support consumergrade handheld devices. This is because multiple data-ﬂows
would intersect at a certain relay node, the ad-hoc routing
protocols may suffer from the bottleneck effect at the relay
node. In addition, since handheld devices would frequently
move in and out of the network, ad-hoc routing protocols may
not support sufﬁcient robustness to such topology changes and
may increase error rates. One of the candidates for improving
ad-hoc routing protocols is network coding [4].
The concept of network coding was ﬁrst invented by
Ahlswede et al. who proved that it is suboptimal to restrict
the network nodes to perform only routing [1]. Li et al. [8],

and Koetter and Médard [7] showed that the multicast capacity
can be achieved by only allowing linear operations in the
intermediate nodes. Later, Ho et al. [6] showed that the linear
network coding coefﬁcients can be randomly selected, while
the decoding probability approaches to 1 exponentially as the
ﬁeld size increases. On the other hand, a simple XOR network
coding scheme was used in an IEEE 802.11 mesh network in
[10]. It has been shown that this network coding signiﬁcantly
improves the throughput of both multicast and unicast trafﬁc.
In this paper, we explore the other beneﬁt of network coding:
the robustness to channel errors.
In network coding, intermediate nodes between various
source/destination pairs typically transmit a linear combination
(computed over ﬁnite ﬁeld F2m ) of their various received
data streams. If N packets P1 , P2 · · · , PN deﬁned over ﬁnite
ﬁeld F2m are network coded, then N linear combinations of
these packets are usually sufﬁcient to decode P1 , · · · , PN at
the receiver. When a destination node receives more than N
linear combinations of P1 , · · · , PN , this additional information
can be used for error correction to improve the robustness
to channel errors. Yeung and Cai [12] considered this issue
and then further explored in [13]. These papers establish
upper and lower bounds on the error correction capability
of network codes analogous to the singleton and GilbertVarshamov bounds. In their work it is assumed that the
network topology is known, nonetheless they do not provide
concrete constructions that can be used in practice (over
arbitrary network topologies). This motivates our approach in
this paper, where we introduce matrix network coding schemes
to enable network error corrections. We will remove the
restriction on the knowledge of network topology in designing
our network coding methods by using random matrix coding
coefﬁcients, similarly as random linear network coding in [6].
The outline of this paper is the following: In Section
II, we review random linear network coding and discuss
its limitations in network error correction. We then present
the mathematical model of our system and introduce matrix
network coding in Section III. In Section IV, we explain
the encoding and decoding algorithms for the matrix network
coding. We then compare the random linear network coding
scheme and the proposed matrix network coding scheme in
Section V. This comparison shows that matrix network coding

can correct more errors than random linear network coding in
the presence of redundant received packets. We also show that
the amount of header overhead per packet is kept the same,
because the arithmetic required for matrix network coding can
be performed over a smaller ﬁnite ﬁeld. Moreover, when there
are no redundant received packets and no transmission errors,
matrix network coding and random linear network coding
perform the same in terms of the decoding probability. This
suggests that the proposed network error correction methods
are robust to channel errors and reﬁnable in the sense that
the reception of a larger number of network coded packets
improves the error correction performance. Finally in Section
VI, we provide simulation results, which shows that the
proposed matrix network coding scheme provides 0.7 − 2[dB]
coding gain over the random linear network coding schemes.

for l = 1, 2, · · · , N , where αli ∈ F2m for i, l = 1, 2, · · · , N .
Let the j-th element of packets Pi and Pol be denoted by
Pi (j) and Pol (j), respectively. Then Pi (j), Pol (j) ∈ F2m for
j = 1, 2, · · · , L. It follows from the above equation that
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Then
II. P ROBLEM BACKGROUND

P̃o (j) = P̃ (j)Λ.

We consider a network with source nodes S1 , S2 , · · · , SN
and destinations T1 , T2 , · · · , TM . These source and destination
nodes can change from time to time. Other nodes in the
network may act as relay nodes. The main scenario of interest
here is a multicast scenario where the packets P1 , P2 , · · · , PN ,
respectively, generated at nodes S1 , S2 , · · · , SN must be received at all underlying destination nodes. However, our methods can also be applied to unicast scenarios (where M = N
and Pi is to be received at Ti for i = 1, 2, · · · , N ) or even
mixed scenarios where some of the underlying packets must
be sent in multicast and others in unicast mode. The channels
between nodes can be either modeled as discrete, Gaussian or
fading channels. Although our proposed construction method
will apply to all these scenarios, in wireless scenarios Rayleigh
or Rician fading channels may be of higher interest.
Existing network coding literature focuses on transmission
of linear combinations of packets arriving at intermediate
nodes. In other words if we assume without loss of generality
that the input packets to a node are P1 , P2 , · · · , Pk . These
packets can be thought of as vectors of length L each deﬁned
over the ﬁnite ﬁeld F2m (Equivalently, this means that each
packet is of length Lm
bits). Then the transmitted packet by
k
this node is given by
i=1 αi Pi , where αi ’s are elements
of the ﬁnite ﬁeld F2m . Note that the same approach can be
applied to perform network coding in analog domain.

This is a system of linear equations in F2m . Assuming that
the matrix Λ is invertible, the above equation can be solved
to give
P̃ (j) = P̃o (j)Λ−1 ,

A. Decoding/Error Correction in Random Linear Network
Coding
Clearly in random linear network coding any packet received at the destination node is a linear combination of
source packets P1 , P2 , · · · , PN . Assuming no errors, in order
to reconstruct P1 , P2 , · · · , PN at least N independent linear
combinations of these packets are needed. Speciﬁcally, let us
assume the reception of N linear combinations of packets
P1 , P2 , · · · , PN given by
Pol =

N

i=1

αli Pi

(1)

for j = 1, 2, · · · , L.
Clearly in the above, if one of the symbols of P̃o (j) is
received in error, then this error will effect some of the values
of P̃ (j). One way that this may be corrected is by requiring
that each packet Pi , i = 1, 2, · · · , N by itself is a coded
packet encoded using a codebook Ci . Then, if some of the
values Pi (j), j = 1, 2, · · · , L are computed incorrectly, then
these errors may be corrected by decoding using Ci .
Another possibility is when K linear combinations of
P1 , P2 , · · · , PN are present at the receiver. Let
Pol =

N
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(and as in the above) P̃o (j) = Po (j), · · · , PoK (j) and
P̃ (j) = (P1 (j), · · · , PN (j)). Then we have
P̃o (j) = P̃ (j)G.
This is equivalent to the case when P̃ (j) is encoded using a
linear code deﬁned over F2m whose generator matrix is G.
When K > N , in theory one must be able to use the above
linear code for error correction even if P1 , P2 , · · · , PN are
uncoded packets. Suppose next that P1 , P2 , · · · , PN are coded
packets using codebooks C1 , C2 , · · · , CN , respectively. Then
the information bits of P1 , P2 , · · · , PN can be presented as
encoded by a two-dimensional product code whose vertical
codebooks are C1 , C2 , · · · , CN , and in the horizontal direction

each row is encoded by the linear code whose generator matrix
is G.
B. Main Challenges With Random Linear Network Coding
There are a number of issues in the above approach to
network correction:
• First, let us consider the case that packets P1 , P2 , · · · , PN
are uncoded. Suppose, for example, that K = N +1. Then
the minimum distance d of the linear code generated by
G (from the MDS bound) satisﬁes d ≤ K − N + 1 ≤ 2.
Since a linear code can only guarantee correction of all
errors, then in this
the error patterns of up to t ≤ d−1
2
case, G does not offer any error correction capability at
all.
• Even if K ≥ N +2 in the above, again the code generated
by G must have a good minimum d if any reasonable
error correction capability is to be achieved, since only
up to t ≤ d−1
2 can be corrected.
• In most practical cases, the network topology is not
known. This is particularly the case in mobile wireless
systems. In such cases, the network designer has no
control over the structure of G at the receiver. The packets
received at the destination node are linear combinations
of source packets with the coefﬁcients depending on the
path that the packet has traveled between the source node
and destination node, and on the linear coefﬁcients chosen
at any intermediate node. The matrix G also depends on
the number of packets received at the receiver. It is thus
hard to guarantee a large minimum distance for the linear
code generated by G, when the structure of G can not be
controlled.
• Since the structure of G is not a priori known, it may be
hard to decode the linear code generated by G.
• In order to guarantee in the above that the matrix Λ
is invertible with high probabilities, the size of the
underlying ﬁnite ﬁeld F2m must chosen to be large [6].
However, this creates two new issues of its own:
– If the bit error probability is p ≥ 0, then the symbol
error rate for Pi (j) is easily seen to be 1 − (1 −
p)m . This means that with larger ﬁnite ﬁeld size, the
probability of symbol error in the above increases.
– Since the values αji in the above must be transmitted
in the header information, larger ﬁnite ﬁeld sizes
produce larger header overheads.
This motivates us to propose matrix network coding, a new
paradigm for network coding that addresses some of the above
issues.

To this end, let the underlying source packets
P1 , P2 , · · · , PN be deﬁned over F2m and all have length
L = pq. In matrix network coding each packet Pi is
represented as a sequence of length q of p-dimensional
vectors (Pi (1), Pi (2), · · · , Pi (q)), where
Pi (j) = (Pi ((j − 1)p + 1) , Pi ((j − 1)p + 2) , · · · , Pi (jp))
for j = 1, 2, · · · , q. Each node s performs matrix network
coding as follows: Suppose that packets Ps1 , Ps2 , · · · , Psk arrive
at node s. As in the above, each packet Psi , i = 1, 2, · · · , k
can be written as q blocks of consecutive p symbols each


Psi = Pis (1), Pis (2), · · · , Pis (q) ,
where



Pis (j) = Psi ((j − 1)p + 1) , Psi ((j − 1)p + 2) , · · · , Psi (jp)
for j = 1, 2, · · · , q. Node s chooses k matrices
A1 , A2 , · · · , Ak of size p × p referred to as combining coefﬁcients. Then it computes
Po (j) = A1 Ps1 (j) + A2 Ps2 (j) + · · · + Ak Psk (j)

(4)

for j = 1, 2, · · · , q. The output packet at node s is then given
by
Po = (Po (1), Po (2), · · · , Po (q)) .
In the above, we ﬁrst require the underlying combining coefﬁcients to be invertible. This assumption is purely for technical
analysis reasons and does not reduce the generality of our
approach.
If p = 1 in the following, the scheme reduced to random
linear network coding. Thus we can assume without any loss
of generality that p ≥ 2. As in random linear network coding
it can be shown that any transmitted packet P by any node in
the network and/or that received at the destination node is of
the form
P = (P(1), P(2), · · · , P(q)) ,
where
P(j) = B1 P1 (j) + B2 P2 (j) + · · · + BN PN (j),
for all j = 1, 2, · · · , q, and for some p × p matrices
B1 , · · · , BN . We say that P is a matrix linear combination of P1 , · · · , PN with matrix network coding coefﬁcients
B1 , · · · , BN . It will be assumed without loss of generality
that each intermediate (relaying) node chooses its combining
coefﬁcients such that for each output packet all non-zero
matrix coding coefﬁcients are invertible.

III. M ATRIX N ETWORK C ODING
In this section, we depart from this point of view and
introduce a new method which we refer to as matrix network
coding. For generality, we present our technique for packets
deﬁned over any arbitrary ﬁnite ﬁeld F2m , but in most practical
applications we would be only interested in binary packet
symbols (deﬁned over the binary ﬁeld F2 ).

Suppose that at the destination node K (≥ N ) matrix
linear combinations of P1 , P2 , · · · , PN are received. For j =
1, 2, · · · , q, let
N
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(and as in the above) P̃o (j) = P1o (j), · · · , PK
o (j) and
P̃(j) = (P1 (j), · · · , PN (j)). Then we have
P̃o (j) = P̃(j)G.
If K = N and the matrix G in the above is invertible, then
P̃(j) = P̃o (j)G−1 ,
for j = 1, 2, · · · , q. This means that for each j, the vectors
P1 (j), · · · , PN (j) can be computed. Thus the input packets
P1 , · · · , PN can be reconstructed assuming no transmission
errors.
More interestingly, in general the equation P̃o (j) = P̃(j)G
is equivalent to the case when P̃(j) is encoded using a linear
code deﬁned over F2m whose generator matrix is G. The above
linear code can in theory be used for error correction even if
P1 , P2 , · · · , PN are uncoded packets.
Let the messages of sources S1 , S2 , · · · , SN be
M1 , M2 , · · · , MN , respectively. We assume that message
Mi , i = 1, 2, · · · , N is encoded into Pi , i = 1, 2, · · · , N
using codebook Ci , i = 1, 2, · · · , N . Note that this
formulation also covers the uncoded case where some
of Ci represent uncoded transmission. The packets Pi ’s
are matrix network coded over a wireless network. More
speciﬁcally, the information bits of P1 , P2 , · · · , PN are being
encoded with a two-dimensional product code whose vertical
codebooks are C1 , C2 , · · · , CN , and in the horizontal direction
P1 (j), · · · , PN (j) are encoded by a linear code whose
generator matrix is G for j = 1, 2, · · · , q. The question that
we have to address is how to decode this product code.
Note that, in (4), we assumed that the same matrices
A1 , · · · , Ak are used for matrix network coding for j =
1, 2, · · · , q. It is also possible to choose potentially different
encoding matrices for different values of j = 1, 2, · · · , q.
Such a generalization is obvious, and the methods and results
established below can be easily generalized to cover this
approach as well.
IV. N ETWORK E RROR C ORRECTION F ROM M ATRIX
N ETWORK C ODING
We next pay attention to network error correction, when
matrix network coding is employed. Decoding of product
codes where all the constituent vertical codes are the same
(e.g. C1 = C2 = · · · = CN ) has been extensively studied in
the literature [5], [9], [11]. In fact, many powerful classes of
capacity achieving codes, for example, have the structure of
such product codes. If the constituent codes of a product code
are systematic and have simple MAP decoding algorithms,
then the product code can be iteratively decoded. A simpler
way to decode the product code is by ﬁrst decoding the rows

and then the columns of the product code. This is less complex
than full MAP decoding of the product code, or even the
approximate MAP decoding (e.g. using iterative decoding),
but may not provide as much decoding gain.
If the network is a ﬁxed network, then it may be possible
to architect matrix linear combining coefﬁcients at each node
such that the matrix G corresponds to a code with a good
structure and lend itself to a low complexity algebraic decoder,
or MAP or approximate MAP decoder. However in mobile networks, where the network topology and underlying channels
change frequently, it is a formidable task to pre-construct G
in advance. In such cases, it is reasonable to assume that G is
a randomly constructed matrix known at the receiver without
any particular structure. In particular in most cases, it can not
be assumed that G is systematic. Additionally, since different
sources may transmit using different encoders, it may not be
assumed that C1 , C2 , · · · , CN are the same. Thus, we have to
decode a general product code with potentially distinct vertical
constituent encoders per each column and with a horizontal
linear code with a randomly generated generator matrix G.
However, it can be assumed that the vertical constituent codes
C1 , C2 , · · · , CN have simple decoding algorithm (either hard
decision, soft decision or MAP decoding). This assumption is
reasonable since each one of these codes is to begin with
selected for encoding (at their respective sources) for its
reasonable performance and implementation complexities.
Much is not known about decoding a linear code with an
arbitrary generator matrix G, except that in general this is
NP-hard [2]. Fortunately in our case, we usually have small
values of p and K −N . Additionally, in most cases, we choose
the ground ﬁeld to be F2 . This is reasonable since (as we
will discuss in the next section), for example, in the case of
matrix network coding with p = 8 over F2 , the probability of
failure equivalent to random linear network coding over F2128
is achieved.
The code G, then, corresponds to a linear binary code of
length Kp and dimension N p. It is well-known that any ﬁnite
ﬁeld linear code (and in particular any binary linear code) has
a trellis representations [3], [9]. This trellis representation has
at most min(2N p , 2(K−N )p ) states. If (K − N )p is reasonably
small, then this trellis representation can be used to produce
log-likelihood probabilities for the symbols of P1 , P2 , · · · , PN
[9]. These log-likelihood then in turn can be used for MAP
decoding of Ci . However if (K − N )p is not small, then this
process becomes too complex. For example, if K = N + 2
and p = 8, then the trellis may have as many as 65536 states,
which may be too complex to implement.
A. Sphere Decoding Algorithm For Channels with Gaussian
Noise
Another approach that seems reasonable is based on a
generalization of sphere decoder [11] using list decoding. We
advocate this method of decoding for Gaussian noise channels.
These not only include AWGN, but also include Rayleigh and
Rician fading channels.

Suppose that R(j), j = 1, 2, · · · , q is the received word corresponding to P̃o (j) deﬁned over F2m corrupted by Gaussian
noise. Let m = 1 for simplicity. A generalization of m ≥ 2
is obvious, and the methods and results established below can
be easily generalized to cover the m ≥ 2 cases.
• We ﬁrst compute a parity check matrix H for the generator matrix G.
• Fix an integer w depending on the probability of bit error
Perr . The value


p(K − N )
w = max
, KpPerr + 3σerr  + 1
2

•

is an example
 of a reasonable choice in most cases, where
KpPerr (1 − Perr ). This number is chosen,
σerr =
since, assuming independent bit error probability Perr ,
the average number of bit errors is KpPerr in packets
of length Kp bits. The variance of the number of errors
is KpPerr (1 − Perr ), so w is larger than the mean plus
three standard deviations of number of bit errors, and
thus captures a good portion of most probable outcomes
of Bernoulli process of the error.
For each j = 1, 2, · · · , q,
– Given R(j), we produce log-likelihood probabilities
for the elements of Kp dimensional P̃o (j).
– Find the w locations of P̃o (j) with the lowest
absolute value of log-likelihoods. Assume that these
elements are in locations 1 ≤ i1 < i2 < · · · < iw ≤
Kp of P̃o (j).
– Let R denote the vector formed by replacing the
elements in all other locations (except i1 < i2 <
· · · < iw ) of R(j) with 1 if the corresponding loglikelihood is positive and with 0 if the corresponding log-likelihood is negative. In other words R is
formed by performing hard decisions on R(j) in
locations other than i1 < i2 < · · · < iw .
– Consider all 2w vectors R1 , R2 , · · · , R2w formed by
replacing the elements of R in locations i1 < i2 <
· · · < iw with all possible binary numbers of length
w (i.e. binary expansions of 0, 1, · · · 2w − 1).
– Identify those vectors Ri , i = 1, 2, · · · , 2w that
satisfy Ri H T = 0. These represent those Ri that
are codewords of G. Without loss of generality (by
possible relabeling) assume that these vectors are
R1 , R2 , · · · , Ru for some 0 ≤ u ≤ 2w − 1 (u = 0
if none of the Ri satisﬁes Ri H T = 0).
– For each Ri , i = 1, 2, · · · , u, compute the input bit
vector vi , i = 1, 2, · · · , u that, when encoded with
the generator matrix G, produces the codeword Ri .
– If u > 0, then assuming that the only possible
values of P̃(j) are vi , i = 1, 2, · · · , u and using the
received vector R(j) compute the log-likelihood
of bits of P̃(j). In other words, we compute
=
P (R(j)|vi , i = 1, 2, · · · u with l-th bit
p1l
equal to 1),
and
p0l
=
P (R(j)|vi , i = 1, 2, · · · u with l-th bit equal to 0).
The LLR of the l-th bit of P̃(j) is log(p1l /p0l ).

– If u = 0, then set the values of the log-likelihoods
of all the bits of P̃(j) to zeroes.
• The log-likelihoods of all elements of Pi , i
=
1, 2, · · · , N are now computed. Using this and a (MAP,
soft, or hard) decoder for Ci , the message of each source
can be computed.
One can save some processing energy by generalizing the
above decoding algorithm to binary symmetric channels as we
will discuss in the next section.
B. Coset Decoding Algorithm For Binary Symmetric Channels
One of the potential beneﬁts of network error correction
may be in energy efﬁcient communications. For example,
one may use codes with simple encoders at the sources and
efﬁcient hard decision decoders at the destinations in order to
save energy, and rely on network error correction to reduce
the probability of error. In order to further save energy in
the decoding process, the receiver may choose to perform
hard decision decoding on the received word. Thus, we give a
procedure for hard decision decoding based on coset decoding.
Suppose that R(j), j = 1, 2, · · · , q is hard decision
received. This can be formed, for example, by applying hard
decision to the received signal. Then R(j), j = 1, 2, · · · , q
can be modeled by the output of a binary symmetric channel
with transition probability Perr upon the input P̃o (j).
• We ﬁrst compute a parity check matrix H for the generator matrix G. Let C denote the codebook generated
by G. We list all the 2p(K−N ) cosets xi + C, i =
1, 2, · · · , 2p(K−N ) with xi selected to be a binary string
with minimal Hamming weight in the coset xi + C. We
list xi H T for i = 1, 2, · · · , 2p(K−N ) .
• For each j = 1, 2, · · · , q,
– Given R(j), compute the syndrome vector R(j)H T .
Find the unique vector x (between all xi , i =
1, 2, · · · , 2p(K−N ) ) such that R(j)H T = x H T .
– Compute a vector R = R(j) + x . Clearly this is a
codeword of G.
– Compute the input bit vector vj that, when encoded
with the generator matrix G, produces the codeword
R. Let this be the estimate of P̃(j).
• The estimates of all bits of Pi , i = 1, 2, · · · , N are now
computed. Using this and a hard decision decoder for Ci ,
the message of each source can be computed.
V. C OMPARISON OF M ATRIX N ETWORK C ODING AND
R ANDOM L INEAR N ETWORK C ODING
In this section, we will establish the following theorem:
Theorem 1. For the same amount of header overhead per
packet, matrix network coding outperforms random linear
network coding in the following senses:
• Matrix network coding corrects more errors than random
linear network coding, particularly when p is large.
• When there are no transmission errors, matrix network
coding and random linear network coding perform the
same.

•

The arithmetic required for matrix network coding is
performed over a smaller ﬁnite ﬁeld which corresponds
to less hardware complexity. However, although in matrix
network coding more multiplications are needed, the
total computation complexity of matrix network coding
is slightly smaller.

Proof: Proof will be provided in the following subsections.
A. Maximum Network Error Correction Capability
We will show that matrix network coding error correction
is superior to random linear network coding error correction.
Proof: Suppose that K matrix linear combination (respectively linear combinations) of the transmitted packets are
received in the matrix (respectively random linear) network
coding scenario outlined above. The generator matrix G in
the above produces an [Kp, N p] linear code (respectively a
[K, N ] linear code). By the MDS bound G can have minimum
distance as high as Kp − N p + 1 (respectively K − N + 1).
This means that G could guarantee correction of all the error
patterns of as much as (K − N )p/2 (respectively (K − N )/2)
errors. Since p ≥ 2, matrix network coding can correct more
errors than random linear network coding.
B. Header Overhead
In random linear networkcoding error correction, each
N
network coded packet P = k=1 αi Pi must have a header
that contains the coefﬁcients αi , i = 1, 2, · · · , N . Since each
αi ∈ F2m , as many as mN bits can be required for each
header. Let us next consider the header in matrix network
coding. If the coefﬁcients of the underlying matrices are
deﬁned over F2m1 , then a similar argument as in the above
shows that in general as many as p2 m1 N bits may be required
to include all the possible matrix coefﬁcients in the header of
each packet. In fact, as many as
2

N log2 S(p, m1 ) < p m1 N
bits are needed, where S(p, m) is the number of p ×
p
over
 m p matrices
 F2m1 , i.e., S(p, m1 ) =
pnon-singular
m1 (k−1)
1
2
. So it seems for larger p, the
log
−
2
2
k=1
header must be substantially larger than the random linear network coding case. However, as we will discuss below, this is
not the case. In order to show this,
 let us keep the header over-
head of matrix network coding N log2 S(p, m1 ) < N m1 p2
and random linear network coding N m at the same level. Thus
we must choose m  m1 p2 .
The next main question is, given the same header overhead,
if we will have approximately the same probability of failure.
The following section addresses this issue.

j = 1, 2, · · · , L as in the above.
It follows (2) that, deﬁning

P̃o (j) = Po1 (j), · · · , PoN (j) , P̃ (j) = (P1 (j), · · · , PN (j)),
and Λ in (3) as in the above, we have P̃o (j) = P̃ (j)Λ. This is
a system of linear equations in F2m . We would like the matrix
Λ to be invertible, so that the above equation can be solved
to give P̃ (j) = P̃o (j)Λ−1 for j = 1, 2, · · · , L. If elements of
Λ are chosen at random in F2m according to a uniform i.i.d.
distribution, then the following result is well-known:
Lemma 1. Suppose that elements of Λ are chosen at random
according to a uniform i.i.d. distribution. Then Λ is not
singular with probability
N 


1 − 2−m(N −k+1) .

(6)

k=1

From Lemma 1, if m and N are both small, then the chances
of failure of the above algorithm is not small. For example, if
m = 1 and N = 2, then the chances of failure is 85 . Thus
a larger ﬁnite ﬁeld size is selected in order to reduce the
probability of failure, i.e., Λ not being invertible.
Let us next consider the probability of failure of matrix
network coding over a ﬁnite ﬁeld F2m1 and compute m1 so
that a similar level of protection can be achieved. To this
end, suppose that at a destination node K(= N ) matrix
linear combinations of P1 , P2 , · · · , PN are received. Using
the same notation, for j = 1, 2, · · · , q, we have Plo (j) =

N
l
i=1 Bi Pi (j) for l = 1, 2, · · · ,N . Letting Ω be  given
by (5) with K = N , P̃o (j) = P1o (j), · · · , PN
o (j) , and
P̃(j) = (P1 (j), · · · , PN (j)), we have
P̃o (j) = P̃(j)Ω.
If the matrix Ω in the above is invertible, then
P̃(j) = P̃o (j)Ω−1
for j = 1, 2, · · · , q, and for each j the vectors
P1 (j), · · · , PN (j) can be computed.
Lemma 2. Suppose that in a matrix network coding scenario,
each node chooses invertible p × p combining coefﬁcients
deﬁned over F2m1 according to a uniform i.i.d. distribution
over all such matrices, while making sure that all the nonzero matrix network coding coefﬁcients at the output are nonsingular. Letting
S(p, m1 ) =

p−1


 pm1

2
− 2im1 ,

(7)

i=0

C. Decoding Performance Under No Transmission Errors

the probability κ that the matrix Ω is invertible satisﬁes


2
N
−1

2ip m1
κ≥
1−
.
(8)
S(p, m1 )N
i=1

Let us ﬁrst recall the rational for choosing a ﬁnite ﬁeld F2m
for m > 1 for random linear network coding. As in the above,
consider the reception of N linear combinations of packets
P1 , P2 , · · · , PN given by (1) for l = 1, 2, · · · , N , where αli ∈
F2m for i, l = 1, 2, · · · , N . We deﬁne Pi (j), Pol (j) ∈ F2m for

Proof: The number of non-singular p×p matrices is easily
seen to be (7). The means that the number of all possible
2
arrangements for Ω is at most S(p, m1 )N . We now count
the number of possibilities that produce non-singular matrices
Ω. The ﬁrst nonsingular block of matrices B11 , B12 , · · · , B1N

of Ω can be arbitrarily selected, so there are S(p, m1 )N
possibilities. Since Ω is linearly independent, none of the
rows of second block B21 , B22 , · · · , B2N of Ω can be linear
combinations of the ﬁrst block. This means that none of
the rows of second block B21 , B22 , · · · , B2N of Ω can attain
any of the 2m1 p possible linear combinations of rows of
B11 , B12 , · · · , B1N . Since there are p possible rows in the
2
second block, at most 2m1 p possibilities is ruled out and
2
the second block can take on at least S(p, m1 )N − 2m1 p
possibilities. Continuing in this way, we observe that the third
block of Ω has only rows that are not linear combinations of
rows of the ﬁrst and second blocks. Thus at least there are
2
S(p, m1 )N − 22m1 p possibilities. Continuing in this manner,
we observe that there are at least
N
−1 


2
S(p, m1 )N − 2im1 p
(9)
S(p, m1 )N
i=1

possible values for Ω to be non-singular. Thus dividing (9) by
2
S(p, m1 )N yields the lower bound for the probability κ, as
speciﬁed in (8). This proves the lemma.
We can now prove the second result of Theorem 1:
Lemma 3. For the same header overhead, assuming reception
of N copies of N network coded packets and no transmission
errors, the probability that matrix inversion fails in both matrix
network coding and random linear network coding is the same
as p grows large.
Proof: For the same overhead amount in the above, we
must have
N log2 S(p, m1 ) = N m.
This gives S(p, m1 ) = 2m . It is also easy to see that m1 p(p −
1) ≤ log2 S(p, m1 ) ≤ m1 p2 , with log2 S(p, m1 )  m1 p2 as
p grows large. It follows that (6) and the right hand side of
(8) are the same as p grows large.
The following corollary is also of interest:
Corollary 1. If the underlying p × p combining matrices are
arbitrarily selected (and not necessarily be required to be nonsingular), then the header overhead remains the same as p
grows large.
Proof: We have shown in the above that log2 S(p, m1 ) 
m1 p2 . This is equal to the header that requires to describe
an arbitrary p × p matrix deﬁned over F2m1 . This proves the
result.
It is easy to see that even if m1 = 1, for reasonable values
of p ≥ 4, the conclusions of Lemma 3 holds.
D. Computation Complexity
Now we are ready to prove the third result of Theorem 1.
Proof: To this end, multiplication in the ﬁnite ﬁeld of size
F2m requires approximately about O(m2 ) binary operations.
In addition, r × r matrix inversion requires about O(r3 ) ﬁnite
ﬁeld multiplications. Therefore, since the matrix Λ has size
N × N and matrix Ω has size N p × N p, random linear
network coding requires O(N 3 m2 ) binary operation, whereas

S1

S2
P2

P1
P1

U

P2

Po

T

Fig. 1. 4-node network with two source nodes S1 , S2 , one intermediate node
U , and one destination node T , where Po = (Po (1), Po (2), · · · , Po (q))
and Po (j) = B1 P1 (j) + B2 P2 (j), j = 1, 2, · · · , q for MNC; and Po =
α1 P1 + α2 P2 for RLNC.

matrix coding requires O(N 3 p3 m21 ). If we replace m = m1 p2 ,
these correspond to O(N 3 p4 m21 ) versus O(N 3 p3 m21 ). Thus
the complexity is slightly smaller.
VI. S IMULATIONS
Since the network error correction capability is described
as only maximum for matrix network coding (MNC) and
random linear network coding (RLNC), we provide simulation
results to document the actual performance of MNC with the
sphere decoding algorithms outlined above and that of RLNC.
The simulations do not attempt to characterize precisely the
network error correction performance for networks with various sizes and topologies, but seek to give an idea of the
performance of MNC for a simple network.
Our experiments are run on a 4-node ﬁxed network with
two source nodes S1 , S2 , one destination node T , and one
intermediate node U . Each source transmits an uncoded packet
of length L bits, where L is a power of 2. MNC or RLNC is
done at the intermediate node U . We assume that the noisy
versions of transmitted uncoded packets P1 and P2 from
sources S1 and S2 are heard both at the destination node
T and the intermediate node U . We further assume that the
intermediate node U can decode P1 and P2 perfectly. This is
illustrated in Figure 1.
In the matrix network correction scheme, the intermediate
node U applies MNC to packets P1 and P2 , respectively, with
matrix coefﬁcients B1 and B2 over the binary ﬁeld F2 , i.e.,
the matrix network coded packet P(j) is of the form
P(j) = B1 P1 (j) + B2 P2 (j), j = 1, 2, · · · , q,
where
Pi = (Pi (1), · · · , Pi (q)) , i = 1, 2.
The underlying modulation for packets P1 , P2 , and matrix
network coded packets P(j) is assumed to be BPSK (where
bits 0 and 1 are mapped into real numbers 1 and −1,
respectively). It is assumed that the modulated waveforms
of P1 , P2 , and P(j) are corrupted by real Gaussian noise
N (0, σ 2 ) with mean zero and variance σ 2 , and they are present
at the destination node T . The signal to noise power ratio
(SNR) is then equal to σ12 . At the destination node T , the
sphere decoding algorithm is then executed.
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Fig. 2. The error correction performance of the matrix network coding and
the random linear network coding schemes with N = 2, K = 3, and L = 16
[bits] for p = 2, 4, 8.

We also consider the error correction scheme of RLNC
as a comparison. The intermediate node U performs RLNC
of P1 and P2 over F2m and produces α1 P1 + α2 P2 with
α1 , α2 ∈ F2m , where m = p2 is chosen so that the decoding
performance under no transmission errors is almost the same
between MNC and RLNC, while their header overheads
are kept at the same level. Again the BPSK modulation is
performed as in the above. At the destination node T , hard
decisions are made on symbols of P1 , P2 and α1 P1 + α2 P2
producing P̂1 , P̂2 , and P̂3 , respectively. These are then used for
the network error correction. This is the approach commonly
proposed in the literature. In our case as discussed above,
this gives a [3, 2] code, since for every pair of corresponding
symbols of P1 and P2 , we have three corresponding coded
symbols of P1 , P2 , and α1 P1 + α2 P2 . This code can not
correct any errors as its minimum Hamming distance is at
most 2 (from the MDS bound). However it can detect one
symbol error, since, whenever P̂3 = α1 P̂1 + α2 P̂2 , we can
conclude that an error has happened. Here we assume no CRC
or other check mechanisms to know which packet was received
correctly or not. If P1 , P2 , and α1 P1 +α2 P2 is received wrong,
the destination node does not know which packet is correctly
received and which is not. The ﬁrst case is considered as no
error correction. In the second case, the destination node T
uses the sphere decoding algorithm to harness the diversity
effect, and thus corrects more errors than the hard decisions
that is used in the ﬁrst case.
We used p = 2, 4, 8, and L = 16 [bits]. In this case, we produced 100 pairs of random matrix network coding coefﬁcients
or random linear network coding coefﬁcients at intermediate
node U . For each pair of coefﬁcients, we produced 1, 000
random pairs of packets for P1 and P2 . For decoding, we use
the sphere decoder described above in Section IV-A.
The probabilities of packet error for MNC and RLNC with
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Fig. 3. The error correction performance of the matrix network coding and
the random linear network coding schemes with p = 2, N = 2, and L = 16
[bits] for K = 3, 4, 5.

N = 2, K = 3, and L = 16 [bits] for various p = 2, 4, 8
are shown in Figure 2. On average, MNC provides a coding
gain of 2.5 − 3.5 [dB] more than the no error correction
case, and that of 0.7 − 2 [dB] more than RLNC, even if the
sphere decoding algorithm helps the RLNC scheme harness
the diversity effect by using information from relay node
U . The gap of a coding gain between MNC and either
no error correction or RLNC becomes larger as p becomes
larger, because the singleton bound can be p-fold increased by
employing p × p matrix coefﬁcients; the radius of the sphere
decoder also becomes larger; and thus it can capture more
candidates for the transmitted codewords.
N
= 23 to 25 , i.e.,
As the code rate becomes lower from R = K
by receiving a larger number of network coded packets, larger
error correction capabilities are achieved from both MNC and
RLNC with the sphere decoder. This is shown in Figure 3.
Note that the no error correction case performs worse as
the destination node T receives a larger number of network
coded packets, because T does not have CRC or other check
mechanisms as previously mentioned.
VII. C ONCLUSIONS
This paper investigates matrix network coding, which improves the error-correcting capability of random linear network
coding by employing matrix coding coefﬁcients. Despite the
increase in the dimension of the coding coefﬁcient, the header
overhead is kept the same as the random linear network coding
scheme, because matrix network coding requires a smaller
ﬁeld size to guarantee the same decoding probability under
no transmission errors. This paper shows that the p × p matrix
network coding can provide up to p times larger minimum
distance as compared to random linear network coding. We
also present the sphere decoding scheme for matrix network

coding. Numerical results show that, when N + 1 linear
combinations of N information packets are received, the use
of sphere decoding along with matrix network coding provides
around 0.7 − 2 [dB] coding gain as compared to the random
linear network coding schemes. On the other hand, when less
than the N linear combinations of N information packets
are received, the proposed sphere decoding algorithm can
be modiﬁed to enable the decoding N information packets,
provided that there exists redundancy in these packets (i.e., if
these packets are themselves streams of coded symbols).
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