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Abstract

We study how to schedule data sources in a wireless time-sensitive information system with multiple
heterogeneous and unreliable channels to minimize the total expected Age-of-Information (Aol). Although
one could formulate this problem as a discrete-time Markov Decision Process (MDP), such an approach
suffers from the curse of dimensionality and lack of insights. For single-channel systems, prior studies
have developed lower-complexity solutions based on the Whittle index. However, Whittle index has not
been studied for systems with multiple heterogeneous channels, mainly because indexability is not well
defined when there are multiple dual cost values, one for each channel. To overcome this difficulty,
we introduce new notions of partial indexability and partial index, which are defined with respect to
one channel’s cost, given all other channels’ costs. We then combine the ideas of partial indices and
max-weight matching to develop a Sum Weighted Index Matching (SWIM) policy, which iteratively
updates the dual costs and partial indices. The proposed policy is shown to be asymptotically optimal in
minimizing the total expected Aol, under a technical condition on a global attractor property. Extensive
performance simulations demonstrate that the proposed policy offers significant gains over conventional
approaches by achieving a near-optimal Aol. Further, the notion of partial index is of independent interest

and could be useful for other problems with multiple heterogeneous resources.

Index Terms

Age-of-Information, Whittle Index, restless bandits, Markov decision processes, heterogeneous chan-

nels.

1. INTRODUCTION

Many emerging wireless applications (e.g., real-time control in robotics systems, and data collection for
IoT applications) rely on timely status updates from information sources [[L], [2]. In these applications,
oftentimes only the information with the latest timestamp is valuable to the receiver, while out-dated

packets have little value. These applications have motivated a growing body of literature in optimizing



the Age-of-Information (Aol), which is defined as the elapsed time of the last-received information packet
since it was generated (at the source). Intuitively, Aol captures the freshness of information from the data
source’s perspective, and is considered a more useful metric for time-sensitive information systems than
packet-level delays [3].

In this paper, we are interested in minimizing Aol for a wireless system with multiple heterogeneous
sources and channels. This is a difficult setting that still lacks effective solutions in the literature. Many
existing work on minimum-Aol scheduling policies study only a single-source system [3], [4]]. For multiple
sources, most of the existing work assumes that data sources are transmitting in a single shared channel
(S, 6], [71, 81, [9], [L1O]. Further, most of these studies assume the channel to be reliable, with only a
few extension to the case of a single unreliable channel [6]], [9], [LO]. For studies that do involve multiple
channels, a recent article [11] assumes a homogeneous channel model, where each user-channel pair has
equal ON/OFF probability. Thus, the solutions in these studies cannot be used in wireless systems that
exhibit heterogeneous channel condition (e.g., transmission success probability) for each source-channel
pair, which is common due to antenna beamforming, frequency selectivity and location-dependent fading
[12], [13], [14]. [15] and [16] are the closest work to ours, as they also study heterogeneous multi-
channel systems. [[15] proposes a scheduling policy for ON/OFF multi-channel systems based on max-age
matching. Under a similar setting, [16] proposes a policy that is asymptotically 8-optimal in minimizing
the total weighted age. However, [[15] and [16] assume that the ON/OFF states of all channels are known
before the scheduling decisions are made. This assumption, combined with the setting that the number of
channels are large, ensures that with high probability each source sees at least one ON channel. In this
way, the impact of unreliable channels can be absorbed by an event with negligible probability in their
analysis. In contrast, we are interested in a model where the channel states are unknown when scheduling
decisions are made. Therefore, the question remains open on how to design a provably optimal scheduling
policy to minimize Aol in time-sensitive information systems with multiple heterogeneous and unreliable
channels.

One of the key obstacles in deriving the optimal scheduling policy under multiple heterogeneous
sources and channels is the complexity of the associated Markov decision problem. Note that such Aol
optimization problems (regardless of the channel conditions) are often formulated as Markov Decision
Processes (MDP) or Restless Multi-armed Bandits (RMAB), which in theory can be optimally solved
by value iteration [17]], [L8]. However, this approach suffers from the curse of dimensionality and lack
of insights. Therefore, it is highly desirable to develop low-complexity and near-optimal solutions. For
single-channel systems, policies based on Whittle index [19]], whose complexity does not grow with

the number of sources, have been found to exhibit good performance. Further, they are known to be



asymptotically optimal when the number of sources and the channel capacity both grow to infinity [20],
(81, [7], [6], [9]. However, to the best of our knowledge, there have been no such Whittle index policies
for systems with multiple heterogeneous channels/resources. Part of the difficulty is that Whittle’s notion
of “indexability” [19] is not well-defined when there are multiple heterogeneous channels. Specifically,
in [19], a project is indexable if there is a single threshold for the channel cost, above which the optimal
action of the project will be passive (i.e., not to consume the channel resource). Thus, Whittle indexability
critically relies on the assumption that there is only one dual cost for either a single channel or a single
group of homogeneous channels. For heterogeneous multi-channel systems, each channel naturally has a
different dual cost. The optimal action of the project will also depend on all channel costs. As a result,
one cannot even define such a threshold or index.

In this paper, we propose a new Whittle-like scheduling policy for heterogeneous and unreliable multi-
channel systems. Similar to [19], we first formulate the MDP for the system, and decompose the problem
into per-source sub-problems using Lagrange relaxation [18] (Section [2). However, to overcome the
difficulty of Whittle indexability as mentioned above, we introduce the new notions of partial indexability
and partial index, which are defined with respect to the cost of one channel, given the costs of all
other channels (see Section [3| for detailed definitions). Then, we propose a low-complexity Whittle-like
scheduling policy, which we call the Sum Weighted Index Matching (SWIM) policy, by computing a
maximum-weighted matching (MWM) between the sources and channels, where the weight between each
source-channel pair is the above-defined partial index. Our key contribution in Section [3| is to identify
a precise-division condition, under which the SWIM policy is asymptotically optimal, under a technical
assumption on a global attractor property (which has also been used in the literature [21], [22]). To
the best of our knowledge, our work is the first in the literature to extend the concept of indexability
to heterogeneous multi-channel settings. We note that both the notion of partial indexability and the
SWIM policy are very general, and can be applied to various large-scale MDP problems with multiple
heterogeneous channels. We then verify in Section |4 that our Aol problem indeed satisfies the partial
indexability and precise-division property. Our simulation results in Section [5| shows that applying the
SWIM policy to our Aol problem produces significant performance gains over conventional approaches,
and achieves a near-optimal average Aol.

We note that in the RMAB literature there is also a line of work on multi-action bandits [21]], [22].
However, we emphasize that “actions” and “channels” are very different, because the multiple actions in
[21]], [22] are still applied to a single resource. This is the reason why [21] can still define a Whittle index
based on the (single) dual cost associated with the resource. In contrast, multiple heterogeneous channels

correspond to multiple resources and multiple dual costs. Therefore, the techniques in [21] cannot be



directly applied to our setting with heterogeneous channels.

2. MODEL AND PROBLEM FORMULATION

We consider a wireless system where a base station (BS) is scheduling N data sources or sensors on
multiple channels for timely status updates in the uplink (Fig. [I). Each source corresponds to one sender
node on the left in Fig. (1| Note that each source may experience different channel conditions due to their
locations. As a result, sources may have different preferences on the set of communication channels. To
model such heterogeneity, we assume that the sources are divided into G groups. Let NV, be the set of
sources in group g. Then, the set of all sources is N = UnglNg- The sources n € Ny in the same
group g experience the same condition on each channel. We consider a discrete-time system where time
is indexed by ¢ € 7. We assume that the transmission from the source to the BS takes one time slot.

Heterogeneous and Unreliable Channels: As shown in Fig. [1} the BS is capable of communicating
in multiple channels at each time. Depending on the frequency, modulation, and beam-forming schemes
used, the channels may have similar or different qualities. To model such heterogeneity, we divide the
channels also into M > 1 types. We assume that each type m € M = {1,..., M} of channels has C
identical instances (which we refer to in the future as “channels”). As we explain below, all sources in a
given group g sees the same channel quality in the C' channel instances of a given type m. We adopt the
standard collision channel model [9]] as follows. At each time, the BS can schedule at most one source to
transmit update packets on each channel. The channel is potentially unreliable, due to wireless channel
fading. In contrast to most existing work in the literature, we consider heterogeneous source-channel
conditions. Specifically, we assume that each transmission from source n € N, on a channel of type
m € M succeeds with probability pg,, € (0,1], independently from all other transmissions. We denote
the channel quality vector for group g as Py = [pg1,- - -, Pg 1], With slight abuse of notation, we denote
Pnm = Pg(n),m Where g(n) is the group containing n.

Packet Generation: To focus our discussion on the effect of multiple heterogeneous channels, we adopt
the generate-at-will model as [5], [6]. Specifically, whenever a source is scheduled for transmission, it
can generate a fresh update. In this work, we use age-of-information (or simply age) to measure the
information freshness, which is defined as the elapsed time of the last-received information packet since
it was generated (at the source). Denote h,(t) as the age of source n at time ¢. If the transmission is
successful, the age of this source reduces to 1. If the source is not scheduled for transmission, or if the

transmission fails, the age increases by 1. Then, the Aol evolution of source n can be written as

1, successful update from n;
hn(t+1) = (D
hn(t) +1, otherwise.
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Fig. 1. Uplink of a heterogeneous, unreliable multi-channel system with a base station and /N data sources.

Intuitively, to avoid wasting channel resources, the BS should only schedule each source on at most
one channel instance. Let wu,(t) be the decision variable at time ¢ such that u,(t) = m if source
n is scheduled to transmit on channel of type m, and w,(t) = 0 if the source is not scheduled for
transmission. In summary, we have the constraints that Zf:f:l 1{uy,(t) = m} < C for all channel type

m, and 2%21 1{un(t) = m} <1 for all source n.

A. MDP-based Formulation

Now, we can formulate the average Aol minimization problem for the above heterogeneous and
unreliable multi-channel system as an MDP. Let g(t)é{hl(t), ho(t),...,hy(t)} € N¥ be the system
state at time ¢. Denote the action space of the entire system as I/ é{O, 1,....M }N . (Recall that action
0 denotes no scheduled transmission and action m € M denotes the scheduled channel type). A policy
7 maps from the system state S(¢) to the action in /. The state transition probability of source n when
it is passive is

P{h,(t+1)=d+ 1|h,(t) = d,un(t) =0} = 1. (2)
The state transition probabilities when source n is scheduled on a channel of type m are
P{hn(t+1) =d+ 1|h,(t) = d,un(t) = m} =1 — ppm,
P{h,(t+1) = 1|h,(t) = d,un(t) = m} = ppum.- 3)

We can define the 7T-horizon average Aol and the long-term average Aol of the system under policy

7T as

1 T N —
A =3 S BRI, and Ha2limsup ALY, 4)

T—o0



respectively, where 7" is the length of time horizon, and A7 (¢) is the Aol of source n at time ¢ under
policy 7. The objective of the MDP is to minimize the long-term average system Aol in (@), i.e.,

1 T N -
min lim sup — N thl anl E[hT(t)] . 5)

71'61/{ T—00

In theory, the above MDP can be solved optimally as an infinite-horizon average cost per stage problem
using relative value iteration [17]. However, this approach suffers from the curse of dimensionality and
lack of insights for the solution structure. Hence, many efforts have been focusing on developing low-

complexity solutions.

B. Decomposition Using Lagrange Relaxation

For lower-complexity solutions, two representative approaches in the literature are based on the relaxed
problem and index policies. In this section, we will discuss how they are related to a Lagrange relaxation
of the MDP, and the challenges of applying these existing approaches to our setting with multiple
heterogeneous channels.

We first introduce the relaxed problem. Denote ugm(t)é]l{un(t) = m}, i.e., the indicator variable that
source n is scheduled on channel type m at time ¢ under policy 7. The MDP formulated in Section [2-A]

can be equivalently written in the following optimization form:

minimize hmsup— E g E[AT(t
™ t=1 n= 1

T—00
subject to ZN_l ulr (t) < C, VYme M,teT, (6a)
Zle ut () <1, VneN,teT, (6b)
() € {0,1}, VteT. (6¢)

Following Whittle’s approach [19], we relax the instantaneous constraint (6a) to an average constraint,

and obtain the relaxed problem

L . 1 T N -
minimize lim sup ﬁ thl anl E[hT(t)

T—o00

subject to 11msup Zt 12 ) ut ()] <C, ¥YmeM, (7a)

(GbD, (7b)

Next, we use Lagrange relaxation in [18, Chapter 6]. Specifically, we introduce a dual cost \,, to each

of (7a)), and decouple the relaxed problem of (7) into N sub-problems, i.e., Yn € N,

minimize  limsup — E h7r A ul (8a)
juize  limsu Z )+ 2 Antiin



M
subject to L unm() <1, VEET, (8b)
ur () € {0,1}, YVt e T,Ym e M. (8¢)

It is easy to see that, given channel costs X = [Am, Vm € M|, each sub-problem (8] is an average cost
per stage problem [17] for optimizing the long-term average Aol of source n plus the costs of its channel
use, which by itself is a decoupled MDP with state space S = N, action space U = {0,1,..., M},
and transition probabilities in (2) and (3).
With this dual decomposition, the relaxed problem can be solved by iteratively solving all independent
™

sub-problems (8] given the current X(k) (denote the resulting decisions by umgf ) (t)) and updating the

dual costs A(*) by dual gradient ascent in the k-th iteration [23], i.e., for all m € M

M = [\ 4 (B arP] -0)]" ©)
where v > 0 is the step size, and [z]* = max{z,0}. When X*) converges, the corresponding solution of
the relaxed problem is known to provide us with a lower bound for the objective of the original MDP (6]
[20]. However, this solution does not always provide a feasible scheduling decision, because, in the real
system, resource constraints must be met at all time, instead of just in the average sense as in (7a).
Moreover, before the primal-dual iteration converges, the average constraint may be violated severely,
resulting in poor policy performance.

For single-channel systems (M = 1), Whittle’s index policy in the literature overcomes these drawbacks
by producing a scheduling decision that is always feasible, and is near-optimal [19], [20], [18]], [9].
However, Whittle index or indexability have not been defined for multiple heterogeneous channels. Note
that in the RMAB literature, the indexability is defined based on the following: for each state of a project,
there exists a scalar price threshold such that, when the price is above (or below) that threshold, the
resource is not used (or used). However, as we have shown above, the sub-problem (8) in our model is
parameterized by multiple channel costs with distinct values. Obviously, the decision to use each channel
type m depends on not only the cost \,, of this type, but also the costs of other channel types. As a
result, there is no longer a single threshold that can divide the spaces of cost vectors into one where the
resource is used, and the opposite one where the resource is not used. Next, we overcome this difficulty

by introducing the new notions of partial indexability and partial index.

3. PARTIAL INDEXABILITY AND ASYMPTOTICALLY OPTIMAL POLICIES

In this section, we will propose a powerful framework to design asymptotically optimal scheduling
policies, which generalizes the notion of indexability to heterogeneous multi-channel settings. Specifically,

we introduce a new notion of partial indexability, which are defined with respect to the cost of one



channel, given the costs of the others. Partial indexability and the corresponding partial index then allow
us to develop a near-optimal policy for heterogeneous multi-channel systems, which is a key contribution
of our work.

Our proposed solution framework in this section is based on only the relaxed-problem formulation in
Section Note that the formulation of the relaxed problem in Section [2-B| can be applied to any MDP
with the cost function given by A(-). Thus, our methodology not only applies to the Aol minimization
problem in this paper, but also other large MDP problems with multiple heterogeneous channels (or
resources). In that sense, the applicability of our proposed framework in this section is beyond the
current problem. Thus, although we still use the notions of “sources/channels” in this section, they could
be easily applied to more general notions of “projects/resources” as in the typical Whittle-index literature

[20].

A. Partial Indexability

We first focus on the sub-problem (8) with a given vector X = [A1, ..., AT of costs for all channels.
As we mentioned in Sec. the MDP of each sub-problem is an infinite-horizon average cost per stage
problem with countably infinite state space [17]. Since the sub-problems of all sources n in the same
group g are identical and independent, next we can write the Bellman Equation of the sub-problem

for each group g as

o)+ 7 = mingf(s D)+ Y0 o), (10)

ue{0,...,M} deS§" %
where f9(-) is the optimal relative value function, J* is the optimal average cost. Here, to keep our
notations general, we have used gu(s,X) = Cys + Ay to denote the stage cost in at state s € S
under action u € U = {0} |J M, and p? ,(u) to denote the transition probability from state s to state d by
taking action u. For the Aol minimization problem, Cy; = h(s) and p?,(u) specializes to the transition
probabilities in (2) and (3).
Next, we define the partial indexability and partial index that generalize Whittle’s index [19]]. Given

the cost vector X, let
(s, N2 (s, X) + ) ply(w)f(d)
denote the expected cost-to-go from state s under action u, assuming that the optimal policy is used in

the future. We first define the following concepts that are analogous to Whittle’s notations [19].

Definition 3.1 (Passive Set). Given the cost vector X\, the set of passive states for channel-type m is

P2 s € Sl (%) > min (s, X)) (11)



In other words, if the current state of a source n € Ng iIs s € Pygn(X), the solution to the relaxed
problem under X will not schedule source n on channel-type m. Let X_m denote the cost vector of all
channels except for channel type m. We now fix all channel costs Xm except that of type m, but vary
the channel cost of type m to X, . Let the new cost vector be X' = [N, X_,]. We define the partial

indexability as follows.

Definition 3.2 (Partial Indexability). Given the cost vector X, the sub-problem Q) is partially indexable
(or indexable as abbr.) if, for all m € M, the size of the passive set |P%(X’ )| increases monotonically

to the entire state space as N, increases from 0 to oo (while fixing other channels’ costs \A_,).

If the sub-problem is partially indexable, then for each state s, there is a largest value of A/, such
that the passive set P%(X’ ) no longer includes the state s. We refer to this value of )/, as the partial

index, as defined below.

Definition 3.3 (Partial Index). Given channel vector p and cost vector X the partial index (or index, as
abbr.) I3,(s, X,m) of state s € S for channel type m € M is defined as the supremum of cost \,, such
that the expected cost-to-go from state s for using channel type m is no larger than that under any other
actions, i.e.,

19 (5, X)) 2 [Sup{)\;n‘,uﬁl(s, Ny < il (s, X’),szo}} " (12)
In addition, we define the index for passive action (m = 0) as

I3 (s, X)é [sup{)\'}ug(s, X+ N < 1 (s, X),Vk € M}} - , (13)
where [w]*é min{z, 0}.

Similar to Whittle policy, partial indexability allows us to characterize the urgency of each state by
its indices, based on which an efficient solution for the original problem can be derived. However, in
contrast to standard Whittle indexability, partial indexability is defined given all the channel costs other
than channel type m. Like Whittle indexability, verifying such partial indexability is non-trivial, and
often requires significant work. We will show how to verify partial indexability for the Aol minimization
problem in Section

Next, we are interested in designing a Whittle-like policy that can utilize partial indices. For single-
channel system, the Whittle index policy simply picks the project with the highest index. However, such
a simple decision will not work for multi-channel systems anymore, because each source is also restricted

to transmit on one channel at a time. Intuitively, to respect the capacity constraints (6a) and (6b)) for each



channel and each source, the decision should involve some matching between sources and channels. The

goal of the next section is to establish this matching formally.

B. Max-Weight Matching of Partial Indices

Motivated by Whittle’s index policy, we aim to schedule a group of users with higher partial indices,
while satisfying the resource constraints on each channels. The problem can be naturally formulated
as a Maximum Weighted Matching problem based on partial indices (MWM-PI). Define the graph
Ré(N UM, E), where £ is the set of all source-channel-type pairs. We define the problem of MWM-PI

as follows,
mize 3 S (142
maximize WnmY a
Ynm € {0’ 1} neN m=0 I
subject to Z e Ynm <C, VmeM, (14b)
n
> Ym Sl VneEN (14c)

where y,,, is the binary decision to schedule source n on channel type m, wnmélﬂfn)(sn, X,m) is the
edge weight given by the partial index in (I2) and (13)), and g(n) is the group index for user n. We then
schedule the sources according to Uy (t) = Ypnm.-

Note that MWM-PI is based on the current set of prices X. As we present next, the outcome of the
MWM-PI will also guide us in updating the prices X. This idea leads to the proposed Sum Weighted Index
Matching (SWIM) policy in Algorithm [T} Specifically, Line 1 initializes the system parameters. Lines
3-5 compute the scheduling decision for time ¢ by solving the MWM-PI problem. Lines 6-7 correspond
to the transmission phase of the update packets. Line 8 updates each channel type’s cost for the next
time ¢+ 1 as a weighted average (by the parameter () of the previous channel cost and the optimal dual

cost associated with (14b) at time ¢.

Remark. Clearly, Algorithm [I]is a generalization of Whittle’s index policy. In fact, in the single-channel
case, the MWM-PI reduces to Whittle’s policy. The critical difference is that, in heterogeneous multi-
channel systems, source n’s index for channel type m depends on other channels’ costs X—_m, whose
optimal value also needs to be found. To address this difficulty, Algorithm [T] uses adaptive updates to

approach the optimal channel costs in Line 8.

C. Fluid Analysis and Asymptotic Optimality

In the literature, the optimality of Whittle index policies is often shown using a fluid limit argument,

by considering the regime of a large-scale system. Specifically, [20] shows that the difference between



Algorithm 1: Sum Weighted Index Matching (SWIM)

1 At t = 0: Initialize parameters N, M, C, 3, and X(l);
2 At time t > 1:

3 Compute partial indices 19(")(t) = [I;%(n)(sn(t), X_m(t))] for every source n € N, given current

cost X(¢);
4 Solve MWM-PI in (14) with wy,, + Iﬂl(n)(sn(t), X_m(t)), and obtains the scheduling decision
y(t);

5 Schedule sources according to z‘[(t)é[unm(t)] = 7(t);

6 Wait for updates from scheduled sources on all channels;

7 Broadcast an ACK message to indicate all successful updates;

8 Update channel cost as A, (t+1) < (1 — B) A (t) + Brm(t), where v, (t) is the optimal dual
variable associated with (I4b) for channel type m in the MWM-PI problem at time ¢.

the state distribution under the Whittle index policy and the steady-state distribution under the optimal
policy for the relaxed problem diminishes to zero, when N,C — oo and o = C'/N is kept constant.
Similarly, in this section, we will focus on such a fluid limit. We will show that the fixed point of the
MWM-PI problem is equivalent to that of the relaxed problem (i.e., when dual gradient descent on X
converges and when the steady-state distribution is reached). Since the optimal solution for the relaxed
problem at the fixed point is a lower bound for the original MDP ({6)), the above-mentioned equivalence
relationship is essential for establishing the asymptotic optimality of our proposed SWIM policy later.
We first define the fluid limit model of the relaxed problem and its fixed point as follows. For any
group g, let zys be the fraction of sources of group g that is in state s, with ) _sz4s = 1. Thus,
Zgé[zgs,s € S] denotes the state distribution vector of group g. Given the current cost vector X, we
assume that the distribution under the relaxed policy has reached the steady state. Let zy, € [0, 1] be the
fraction of sources of state s in group g that is assigned to channel u by the relaxed policy .. We
use (¥, 2%, X*) to denote a fluid fixed point of the relaxed problem at steady state (i.e., when the dual

gradient ascent on X converges). Similar to the fluid analysis in [22]], we can verify that, at the fixed-point

channel cost X*, (Z,Z*) also solves the following fluid problem (which is a linear program (LP))
M
L : u u
mlrﬁ@lze deg ZSES zu:O 2gsCgsTys (15a)
subject to

deg D s Zastys < Cu, VueEM, (15b)



ZueM al, <1. VgeGVseS, (15¢)
E Z ZgsTasPog(u) = Z Z zgdwgépgs(u'),vts €S,Vgeg, (15d)
u>0deS w>0deS
where Cg; and p?,(u) are defined in (T0) (recall that v = O corresponds to passive). Thus, the primal
and dual variables (Z, 2, X*) will satisfy the KKT conditions of (I5)). Similar to [22, Lemma 4.3], it can
be shown that the optimal solution of the fluid problem (13)), denoted as V*(Z, 2*, X*) is a lower bound
for the original MDP.

For Algorithm (I} we can similarly define its fluid limit and fixed point as follows. Suppose that the
steady state is reached. Denote the corresponding state distribution, channel cost vector and decision
vector as 2/, X and i, respectively. Recall that MWM-PI is based on a set of dual costs X, and the edge
weight is computed by wy} = Ii, (s, A_m) for m € M, and why = I9(s, X). At steady state, (7,2, X)

must solve the following fluid problem

maxigmize deg ZSGS Zi/[:o 2gsWysYgs (16a)
subject to deg Zses ZgsYgs < Cy, YueM, (16b)
ZZO Yoo =1, VgegvseS : (16¢)
replace & by ¥ in (15d). (16d)

Denote the Lagrange multiplier associated with (I6D) as v, (define vy = 0). At the fixed point, N =i
must hold. Thus, we denote such (7, 7/, N ) as the fixed point of Algorithm |1} which should also satisfy
the KKT conditions of (16).

Ideally, our goal is to show that the fixed point of the relaxed problem is identical to that of Algorithm|[I]
and thus they produce the same near-optimal objective value. However, we need a slightly stronger

condition than partial indexability, as follow.

Definition 3.4 (Precise Division). Given state space S and channel costs X suppose that the sub-problem
(TO) is partially indexable with index Ip,(s, X_m) for s € §. We say that the preference for channel-type
m is precisely divisible by its partial-index Ij,(s, X,m), if the following holds: for all s € S and m > 1,
(i) If I9(8, A_m) = Ay then pid(s, N) < pidh(s, X), Yu # m,u > 0.
(ii) If I9,(s, X—m) > Ay then (s, X) < pd(s, X), Vu % m,u > 0.

(iii) Otherwise, there exists u # m,u >0 s.t. pdy(s,X) > pd(s, X).

Note that Definition [3.4] implies partial indexability in Definition [3.2] To see this, note that given

X_m, for any state s € S, its partial index Lgn(s, X_m) is independent of \,,. Thus, as A,, increases, we



—

transition from I, (s, X,m) > A\, (i.e., using channel type m per Definition (ii)) to I3.(5, A\m) < Am
(i.e., not using channel type m per Definition (iii)). In other words, as A, increases, an(X) increases
monotonically to the entire state space S. On the other hand, Definition [3.4] is stronger than partial

indexability because it states that this transition occurs precisely at I, (s, X,m) = A\m-

Condition 3.5. The sub-problem (10) is partially indexable (Definition and satisfies the precise

division property in Definition

The next theorem, which is one of our main contributions in this work, establishes the connection

between the fixed point of the relaxed problem and the fixed point of Algorithm [I]

Theorem 3.6. Suppose that Condition |3.5holds. Then, any fixed-point solutions {Z, Z*, X*} of the relaxed
problem are equivalent to the fixed-point solutions {y, 7', N } of Algorithm |1| at the fluid limit.

Proof. Here, we provide the complete proof for Theorem (including the missing details in our
conference paper). To prove the equivalence in the theorem, we need to show the statement in both
direction. We first consider the fixed point of the relaxed problem. For any group g, let zy45 be the
fraction of users of group g that is in state s, i.e., Y g 2gs = 1. Thus, z}’,é[zgs]ses denotes the state
distribution vector of group g. We consider the case where the distribution of the relaxed problem has
reached the steady state. Let zy; € [0, 1] be the fraction of users of state s in group g that is assigned
to channel m by the relaxed policy 7. Therefore, the corresponding decisions of the relaxed problem
at the fixed point (Z, 2*, X*) of the relaxed policy have to satisfy the following KKT conditions of the
relaxed problem (15).

i) (Dual feasible) The dual cost vector satisfies X > 0.

ii) The steady state user distribution [Z], ..., Z] satisfies (I5d) i.e., Vs € S,Vg € G,

SN ramptym) = 30N el (m),

m2>0deS m>0deS

where pg 4(m) is the transition probability of group-g user from state s to d using channel m (m =0
means passive) according to the Markov model. In other words, for each g and s, the amount of

fluid going into each state (g, s) must equal to the amount of fluid going out of that state.

iii) For each state s € S in group g € G, [xy;] must satisfy
E(g,s) ZgsTgs < Cmy Y €M, (Primal feasible)
Z(g,s) 2gsTgs = Cm, VYm e M, if A7, > 0. (Complementary slackness)

m . .
ZmEM gy <1, Vgeg,seS. (Primal feasible)



iv) (Optimizing the Lagrangian) For each g and s, [1:";] denotes the optimal decisions for the sub-problem

(8), given X, ie., if zgs > 0 for some m, it must be true that
M%(87X*> Sug/(S7X*)7 vu/#mvogj/SMy (17)

where 1%, (s, \*) is the payoff of channel m in the Bellman equation (T0) under \*.

On the other hand, suppose that the SWIM policy (Algorithm [I) has also reached its steady state
solution. Denote the steady state distribution of Algorithm as [Z],..., Z;]. Recall that the Algorithm is
based on a set of dual costs X, and the edge weight is computed by weys = Ti(s, X_) and wgs = I§(s, ).
Let [yg] be the optimal solution for MWM at the fixed point. At the fixed point, the optimal policy for
MWM-PI solves (16). When Algorlthmlreaches the fixed point (7, 2, X), the variables must satisfy the

following conditions, where most (except (A)) comes from the KKT conditions of of as follows:

A) At the fixed point, A}, = v, must hold for all u € M.
B) (Dual feasibility) The Lagrange multipliers satisty v, > 0 for all v € M.
C) The steady state user distribution [2;,] have been reached, i.e., Vs € S,Vg € G,

Z Z ZgsYgsPla(u Z Z ZgaYgalys (U

u>0deS u>0deS

D) For each state s € S in group g € G, [y,]’s must satisfy

Z(g 9 2;8 . y;‘s < Cy, VjeM, (Primal feasibility)

Z(g 9 2;3 “Ygs = Cuy il v, > 0. (Complementary slackness)
M U _ . 1 f .b.l.

Zu:O Ygs = L. (Primal feasibility)

E) (Optimizing the Lagrangian) For each (g, s), the solution [yy] should be optimal for the following

. . M
maximize Zu:() Ygs(Wgs — Vu) (18a)
ygs
M
subject to Z Oygs =1. (18b)
u=

Denote J™**= {u]w — Uy > w;{; — vy, VU’ # u,u’ > 0}. Then, 3 juax Ygs = 1, and ygs =0 for
u/ ¢ Jmax.
Before we proceed, we first state a corollary and a lemma as follows.

Corollary 3.7. Suppose that Condition holds. For any state d € S, suppose that there exists one
channel-type m such that I%,(d, X_yn) > Am. Then, the other channels u # m must have I3(d, X_,,) < Au.



Proof. By Definition (ii), since 1%, (d, X_mm) > Am, we must have pd(d, X) > 1% (d, X) for all channels
u#m. Suppose in contrary that I9(d, X_y) > A, for um. Then, we would have 1% (d, X) > 1 (d, X)
by Definition [3.4}(i),(ii), which is a contradiction. |

Lemma 3.8. In Condition (E), at least one action u > 0 should satisfy wg, > v, at the fixed point.

Proof. For the purpose of contradiction, we assume wg, < vy, Vu > 0. Recall that X = 7. Thus, we have
I (s,v2y) < vy, Yu > 1. By the definition (3)) of the partial index for w > 1, at cost 7/, the following
must be true for all u > 1: there must exist some v’ # u,u’ > 0 such that pf(s, ) > p9,(s, 7). Since
this is true for all j > 1, the only possibility is that uf(s,7) < pf(s,7), Vu > 1. This implies that
I§(s, V) = ugéo by the definition of index for channel-O in (I3). However, this contradicts with the

assumption of I{(s,7) < 0. Hence, at least one u > 0 should satisfy wgs > 1y at the fixed point. [

Now, we proceed to show that the fixed point for the relaxed problem is equivalent to the fixed
point for the MWM-PI. We first show the “=" direction. Suppose that we are given the fixed point
[Tgsl's, [71,-.., 2] and X* of the relaxed problem, which satisfy conditions (i)-(iv). Our goal is to
show that conditions (A)-(E) are satisfied by letting X = X*, (2] = (5], yge = =52, ¥m > 1 and
ygs =1- Zm21 yg;. Clearly, (A) holds by our construction. (B) v, = A, = A\ > 0 is true since
X* > 0 at the fixed point. (C) follows from (i) and our construction of [2,] = [2;] and = 7. (D) follows
directly from (iii) and the definition of y(g)s =1- Zm21 Ygs- It remains to show (E). To show (E), we
divide into three cases.

a) (When there exists m > 1 s.t. Ij,(s, X,m) > A ) From Corollary there exists only one channel
m* such that I9.. (s, A\_,+) > X, .. By Definition m-(i), this implies that 412, (s, X) < uﬁ(s X), Vu #
m*,u > 0. From Condition (iv), the optimal decision for the relaxed problem is then zy; =1 and
Tgs = 0,Vu # m*. By definition (13), we must have [j (s, >\) <0,ie., wo <0. Clearly, the decision
of yjt = apt =1 and yY, = yy, = 0,Yu # m* satisfies Condition (E).

b) (When there exists no m > 1 s.t. Ii(s, X_m) > A\, but there exists some m > 1 s.t. I3,(s, X_m) =
Am) Define Jeqé{m > 1|19,(5, X\_m) = Am}. Then, for all other channels m/ > 1,m’ ¢ Joy, we have
I (gs, X_m/) < Ay For any m/ such that 19, (s, X_m/) < X, by Definition (iii), we must have
(s, X) > pid (s, X') for some u # m’. Thus, the optimal decision under 7, for such channels is

2 = 0. Therefore, the optimal decision for relaxed problem can only use m € Jeq and possibly

g

channel-0 (passive), i.e., we must have

u . 0
- zo.=1ifz,, =0
Zuzlzlﬁ(s,/\,u):)\ gs gs )

u

- =1if
ZUZO:I;{(S,A_”)Z)\U, ! x s> 0



Thus, regardless of the value of 9., setting Ygs = Yu > 0 also attains the maximum objective

gs°
for (18). Thus, Condition (E) is satisfied.

c) (When I3, (s, X,m) < A, for all m > 1) From Definition (iii), for all m > 1, there exist some

Tgs:

u > 0 such that zid, (s, X) > pd(s, X). Clearly, the only possibility is that zd (s, X) < (s, X), ¥m > 1.

0 =1 and zgy = 0,Vm > 1. In this

As a result, the optimal solution satisfying Condition (iv) is g

case, wgs =vp = 0 and wy; < vy, Vm > 1 for the MWM. Thus, the solution [yg ] = [z,],u > 0
(.e., ygs =1 and yg5 = 0,Vm > 1) also attains the maximum of (I8). Thus, Condition (E) holds.
Combining the above three cases, we show that Condition (E) holds, which completes the proof for

“==>" direction.

Next, we show “<=" direction. Similar to the above proof for the “=—" direction, we assume that
the optimal solutions at the steady state of the MWM problem are given, i.e., variables 7, [7], ..., 2]
and [ygsi’s satisfy (I6) and conditions (A)-(E). Our goal is to show that conditions (i)-(iv) are satisfied
by letting X* = 7/ = X, (2] = [7;] and [zg] = [y,;]. Clearly, condition (i) must hold due to condition
(B). Condition (ii) follows from condition (C) directly, by our construction of z* and Z. Since y, €
[0,1],Vu > 0, Condition (iii) is satisfied by condition (D). To show that condition (iv), we divide into
two cases (note that Lemma implies maxy,>o{wy;—vu} > 0).

a) (When maxy>o{wy; — v} > 0) From condition (E), we have } = 1, where J™2* contains

"
all actions u > 0 that attain the maximum of {wj; — 1, }. By the definition in (I3), channel-0s index
is always non-positive. Hence, we must have 0 ¢ J™**. Thus, ygs = 0. From Corollary there
can exist only one u > 1 such that wg, = I(s,7_y) > 1y, in which case wyg = =17, (s, V) <
Vur, Yu! # u. Define u* as the unique index such that u* = arg max, {w}, — v, }. Thus, y%; = 1. By
Definition [3.4}(ii), we then have p.(s,7) < pf,(s,7), Vu' # u*,0 < v < M. According to (T0),

*

Tgs = ygs =1 and :L'g; = 0,Vu' # u*,u' > 0 correspond to the optimal solutions for (). Hence,
condition (iv) holds for the relaxed problem.

b) (When maxuzo{wgs — vy} = 0) Again, from condition (E), we have }_  jma Ygs = 1. Thus,
Y ue jmax xgs = 1 by our construction. The definition of J™** implies that for all v € J™**, u > 0,
we have wy, = Iii(s,V_y) = v,. Further, for all u' ¢ J™, we have wj, = I}, (s, w) < V.
Thus, from Definition every u € J™M?* is an optimal action for the sub—problem (8), and every
u’' ¢ J™* is not. The only question is whether the optimal action for (iv) should use action-0 or not.
Next, we divide into two sub-cases. If 0 ¢ J™%*, then I{(s,7) < 0. By the definition in (I3), xo =0
must hold for the sub-problem (§)). Thus, the decisions }_,  jm.x Zp, = 1 is optimal for (§). On the
other hand, if 0 € J™**, then I§(k, ) = 0. By definition of index @]), for any €y, > 0, we must

have 1§ (s, V) — €0y < pii(s,7),Vu > 1. Letting €g,, — 0, we then have pf(s,7) < pi(s,7),Vu > 1.



Thus, 5625 > 0 is also optimal for the sub-problem (). Combining the two sub-cases, the decision

Y uejmax Lys = 1 is always optimal for the sub-problem (8)). Thus, condition (iv) follows.

Combing the above cases, condition (iv) must hold for the fixed point of MWM. Hence, we have
shown the “«<=" direction. To conclude, we have shown that the fixed point for the relaxed problem is

equivalent to the fixed point for the Algorithm [I] ([l

Remark. Theorem [3.6|establishes an important connection between the fixed point of the relaxed problem
and the fixed point of Algorithm (I In contrast to the relaxed problem, the solution for MWM-PI
naturally respects the instantaneous resource constraint (6a). Since its fixed point still achieves the optimal
performance at the fluid limit, it provides useful guidance for proving the asymptotic optimality of our

proposed SWIM policy.

Next, we evaluate the performance of Algorithm [I] We first state the following technical condition

called “global attractor” [22].

Definition 3.9 (Global attractor). An equilibrum point X* is a global attractor for a process X (t) if, for

any initial point X (0), the process X (t) converges to X+,

Next, we assume that a fixed point of Algorithm (1] satisfies the global attractor property. Notice that
similar assumption has been made in [20], [21]], [22]. As mentioned in [22]], in general, it may be difficult
to establish analytically that a fixed point is a global attractor for the process; thus, such property is only
verified numerically. Our simulation results in Section indeed show that such convergence indeed
happens for our proposed policy.

Based on this condition, we then show the asymptotic optimality of the SWIM policy. Specifically,
we will consider the original MDP (@) in the following r-scaled system: we scale by r both the number
of sources in each group, and the number of channels of each type, i.e., N” = rN and C' = rC,
while keeping o = c’ /N" a constant. The transition probabilities for each source remain unchanged.
For such a r-scaled system, we define Vi, as the average cost per stage in the objective of (6) under

our proposed SWIM policy. (Note that Vi in (6) is already averaged by the number of sources N".)

Theorem 3.10 (Asymptotic Optimality). Suppose that Condition holds for the sub-problem (10).
Suppose that a fixed point (i, 2", N ) of the policy wswin in Algorithm |1|is a global attractor according
to Definition Then, wswinm is asymptotically optimal in minimizing the average cost per stage.
Specifically, we have lim, o Vg = V™, where V* is the optimal objective for the fluid relaxed

problem (15).



Proof. The proof of Theorem follows from the global attractor property and Theorem See
Appendix [A] O

4. Aol MINIMIZATION IN HETEROGENEOUS MULTI-CHANNEL SYSTEMS

In this section, we return to the setting of Aol minimization problem described in Section Since
the results in Section 3 is very general, we only need to verify that Definition [3.2] and Definition [3.4]
indeed hold for the Aol setting. Then, the result of Theorem [3.10] and Algorithm [I] can be directly
applied. As we will show soon, the verification of the indexability and the precise division property is
highly non-trivial for sub-problem (8). Note that for single-channel systems, Whittle indexability has
been verified for Aol minimization under the generate-at-will model [6]. However, the approach there
is based on directly solving the value function, which appears to be infeasible for our heterogeneous
multi-channel setting. Instead, we will develop new structural properties of the value function, based on
which we will establish both partial indexability and the precise division property.

With this goal in mind, we assume that the dual costs X = [A1, ..., A7 for all channels are given.
Since all sub-problems () are independent, in the rest of the section, we omit the superscript g of the
variables for the sub-problem (I0) whenever no ambiguity occurs. As we mentioned in Sec. the
MDP of each sub-problem is an average cost per stage problem with infinite time horizon and countably
infinite state space. For ease of notation, we define Ay = 0 and pg = 0. The corresponding Bellman
Equation (I0) for the Aol minimization problem described in Section [2-A] can be written as, for any state

(i.e., current Aol) d € N,

)+ 7S min D (1=p) [+ (d1)] + pm (1)} (19)

Here we slightly abuse notation, and use um(d)éum(d, X) to denote each term in the minimization on
the RHS of when the parameter X is given above. Recall that y,,(d, X) is the expected cost-to-go
under channel costs X if channel m is selected. Since d = 1 is a recurrent state, we can set f()=o.
Note that Bellman equation (I9) cannot be solved in closed form due to multiple heterogeneous channels.
Specifically, the optimal action for the current state depends on the value functions of future states, which
possibly have different optimal actions. This complex dependency is in sharp contrast to [[6], [9]], which
only consider a single channel.

Even though the exact solution is unavailable, we can still derive useful structure properties from (19).
Next, we define a property called “multi-threshold-type” (MTT), and prove that the optimal policy for
the sub-problem (8) is indeed MTT.



Fig. 2. An illustration for multi-threshold-type policy. Suppose a 3-channel system with p; < p2 < p3 and ;—i < 2—3 < 2

(note that channel 2 is dominated by Channel 3).

Definition 4.1 (Multi-threshold-type). A channel selection policy for the sub-problem (8)) is MTT if the
followings hold:

(1) (Threshold-based) For any channels h,l € {0,1,..., M} with py,>p;, there exists HM > 0 such that
pn(d) < w(d),for all d > H™ and py(d) > p(d),for all d < H™!.

(2) (Ordering of Channels) Suppose two states di<ds. Denote the optimal channels for dy and ds be
m*(d1) and m*(dz), respectively. Then, py«(4,)<Pm-(d,) must hold.

(3) (Channel Dominance) For any two channel types h and | with py,>py, if ;—Z < %, then l is never the

optimal channel for any state, i.e., un(d) < p(d) for all state d whenever p;(d) < uo(d).

In other words, Condition 1 states that a threshold exists for any pair of channels, such that a better-
quality channel is always preferred to the worse one when d is above the threshold. Condition 2 specifies
that, as d increases, the optimal decision increasingly prefer more reliable channels. Condition 3 means
that if a channel type [ is less reliable and also “more expensive” than the other channel type h, it should
never be the optimal action. In that case, we say that channel [ is dominated by channel h. The next

lemma shows that the optimal policy for the sub-problem is MTT.

Lemma 4.2. Given the cost vector \, the optimal policy ©* satisfying for the sub-problem is
MTT.

Proof. Lemma[4.2]is intuitive because, when the state (i.e., age) is higher, it is more urgent for the source

to use a more reliable channel. See the detailed proof in Appendix [B] O

Fig. ] illustrates a MTT policy in the state space d € N of the sub-problem (8) with three channels.
Define ®,,, C N as the optimal decision region of m, i.e., m is the optimal channel type for all d € ®,,.
Thanks to Definition (1), ®,,, must be contiguous for all m. We denote H,, = mingeq, d as the
threshold for channel type m. Note that the optimal decision regions for some channels (® is absent in
Fig. [2) may be empty due to channel dominance. Before we proceed to the proof of partial indexability,
we first prove the following lemma. Without loss of generality, we assume that all channels have distinct

successful probabilities, and their qualities are arranged in an ascending order, i.e., p1 < ... < pjs.
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We note that the following presentation is different from our submitted conference version. Note that
in our submitted version, Lemma [£.3] {.4] and [4.6] are combined into one lemma. Instead, here we first
state the upper bound in Lemma and a special case of the lower bound (i.e., d > H),) in Lemma
based on which we can prove Prop. i.5] Then, we state the full case of the lower bound in Lemma .6
which utilizes the result in Prop. {f.3] Lemma [4.3] and Lemma .6 here combined correspond to Lemma

4.3 in the conference version.

Lemma 4.3. Given )\, suppose N = AL, s Am+A, . A], A > 0. Denote the optimal value functions
in (19) under X (with the optimal policy ) and under X' (with the optimal policy w') as f() and f'(-),

respectively. Then, the difference between two value functions can be upper-bounded by

Fd) — f(d) < 2 91 <m <.

m
Proof. To prove Lemma [A.3] we use the equivalence relationship between the average cost per stage

problem and the stochastic shortest path problem [17]. See detailed proof in Appendix [C| O

Next, we proceed to show the lower bound for f/(d) — f(d) if the channel cost increases only on
channel m # M. Notice that, to prove indexability in Proposition [4.5] we only need the lower bound for
d > H] . Thus, we first show the case for d > H/ in Lemma The proof for the case of d < H),

will utilize the partial indexability result in Proposition .5 which we will show in Lemma [4.6]

A ... . .
Lemma 4.4. Denote pys1=1. Under the same condition in Lemma the difference of the two value

functions can be lower-bounded by

f(d) = f(d) > — , ford>H],,1<m<M,

Pm+1

where H! is the threshold for channel m under the optimal policy w' given X.
Proof. See the proof in Appendix [D}] O

Proposition 4.5. Given the cost vector X\, the sub-problem (8) of heterogeneous multi-channel Aol

minimization is partially indexable.

Proof. See the proof in Appendix [E| O

Now, we prove a stronger version of Lemma [4.4] that extends the lower bound in Lemma f.4] to the
entire state space S = N;. The combined results of Lemma[.3]and Lemma .6 correspond to Lemma 4.3

in the conference version.
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Fig. 3. Dual costs update of 7.1 for the relaxed problem.

A .. . .
Lemma 4.6. Denote py;1=1. Under the same condition in Lemma the difference of the two value

functions can be lower-bounded by

f(d) = f(d) > — forall 1 <m < M, (20)

Pm+1

Proof. See the proof in Appendix [H O

Proposition 4.7. Given state space S and channel costs X\ the sub-problem (19) satisfies the precise

division property in Definition

Proof. The proof of Proposition {.7] is similar to that of Proposition 4.5] and is available in Appendix [G]
O

To summarize this section, we briefly comment on the complexity of the SWIM policy. Note that
the partial index incurs a higher computational complexity than Whittle’s index [19], as it needs to be
recomputed for every X. Nonetheless, given the number of states for each source (note that in practice
one usually has to truncate the state space), the complexity is still linear in the number of sources and
channels. Further, it is well-known that MWM incurs polynomial complexity [24]. In contrast, solving
the original MDP using value iteration will incur exponential complexity. We leave for future work how

to further reduce the complexity of the partial index computation.

5. NUMERICAL RESULTS

In this section, we present MATLAB simulation results to demonstrate the performance of our proposed
SWIM policy in Algorithm [T] Specifically, we focus on the Aol minimization problem in Section [ for
heterogeneous multi-channel systems. We simulate an information update system with N=>50 data sources,
which are divided into G=5 groups, with 15,5,10,15 and 5 sources in each group 1 to 5, respectively.

For the channels, we assume that there are M =5 types of channels, each of which is equipped with
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Fig. 4. Dual costs update of the proposed index-based policy wswim for different system scales.

C=2 identical instances. To model the heterogeneity and preferences between sources and channels,
the channel success probabilities of source-channel pairs are different across groups. For simplicity, we
assume that Group-g sources has the highest channel success probability on Type-g channels, where
g = 1,...,5. In particular, the channel quality vector for group-1 users is p; = [0.9,0.7,0.5,0.3,0.1].
The channel quality vector pg for group g > 1 is obtained by circularly shifting p7 by g—1 positions to
the right. (Note that the entire system is not symmetric due to the uneven population of sources in each
group.) To compare the scaling performance, we simulate on r-scaled systems that multiplies the number
of the sources and channels by r, i.e., N = rN and C" = rC. The simulation time is divided into
epochs, each of which consists of 50 discrete time-slots. To achieve a smoother update, we re-calculate
the channel costs at the end of every epoch according to Line 8 of Algorithm [I|{using the averaged v, (t)

over the current epoch.

A. Convergence of the Channel-Cost Update

First, we compare the dynamics of the cost updates of the SWIM policy with that of the relaxed policy
Ty, and verify that their fixed points indeed match. Fig. ] illustrates the cost dynamics of all channels
for the relaxed problem, with respect to the number of epochs. At each time, all sources independently
compute their optimal actions (8) based on their states and current cost X(t) At the end of each epoch,
the BS performs a dual gradient update according to (9). We simulate for 73, = 1000 epochs for 7ry
to reach the fixed-point channel costs. In Fig. [3] all channels’ costs converge to a small neighborhood of
the optimal costs X* of the relaxed problem after 7T}..; = 1000 epochs.

Next, we verify that the channel-cost dynamics under wwgwmy approach that of the relaxed problem
when the system scale is large. Specifically, we let 5 = 0.2 in Algorithm [I] Denote the fixed-point channel
cost vector under SWIM policy for system scale r as X?WIM. We simulate wewmv for Tswmv = 300

epochs under different system scales. Fig. @{a)-(c) show the channel-cost dynamics for the system at scale
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r =1, r =3 and r = 10, respectively. Clearly, we can observe that, as the system scale r increases,
X,S:WIM approaches very close to the values of X* in Fig. [3| The convergence is more obvious for r = 10
(Fig. c)), which confirms the result of Theorem i.e., the fixed point solution N of TSWIM 18

equivalent to the optimal cost X* of the relaxed problem in the fluid limit.

B. Average System Aol
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Fig. 5. Performance comparison among different scheduling policies.

Next, we evaluate the average Aol performance of our proposed policy. We will use the solution for
the relaxed problem as a performance lower bound for comparison. In addition, we will compare SWIM
policy with the following scheduling policies that satisfy the instantaneous constraints in (6)).

Rounded Relaxed Policy (RRP). As we discussed in Section [2-B] although the optimal solution for
the relaxed problem under X provides a lower bound for the original Aol minimization problem, 7r,¢
may violate the instantaneous hard constraints (6a)). To satisfy feasibility, RRP is deduced from 7. with
the following modification. (Note that we did not use the priority policy in [22], since it only works for
single-channel systems and cannot be applied here.)

1. (Over-subscription) For any channel, if the number of transmitting sources exceeds (or equals to) the
number of channel instance éT, RRP schedules C" sources uniformly at random;

2. (Under-subscription) Otherwise, RRP schedules additional sources with largest Aol to reach C" total
sources for the channel.

Max-Age Matching (MAM) [l15)]. This policy was originally proposed for systems with multiple
ON/OFF channels in [15]. As the name suggests, MAM attempts to serve sources with high Aol values
at each time. The MAM scheduler in [[15)] requires knowledge of whether a channel is ON/OFF. For a
fair comparison with our policy that does not require such knowledge, we take all channels with non-zero

success probability as being ON. Then, we form a bipartite graph between all pairs of sources and the
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channel types, with the weights given by the current Aol of the sources. The scheduling problem is then
mapped to a bipartite graph matching problem. Note that this policy ignores the exact channel success
probability, and thus is expected to have poorer performance.

Fig. [54 shows the total system Aol dynamics under different policies for the system at scale r = 7.
First, we can see that the total system Aol (about 1200) under our proposed SWIM policy is very close to
the performance lower bound obtained from the relaxed problem (the lowest two curves). This observation
verifies our result in Theorem [3.10] on the asymptotic optimality of our proposed policy. In contrast, the
Aol of the rounded relaxed policy (RRP) is over 1400, which is about 20% worse than that of SWIM
policy. This performance degradation suggests that it may not be efficient to use the solution from the
relaxed problem even for medium-scaled systems. Finally, the Aol under the MAM policy is about 2000,
which is about 65% worse than our SWIM policy. The result is not surprising, as the MAM policy simply
ignores the channel heterogeneity.

Next, Fig. [5b| shows the average total system Aol at different system scales. For all three policies,
the average total system Aol scales almost linearly with the system scale r. Again, we observe that our
proposed SWIM policy achieves close-to-optimal Aol performance under all simulated system scales.
Finally, Fig. [5c|shows the normalized average Aol, i.e., the total average system Aol divided by the scale
parameter r, under our proposed SWIM policy. Clearly, as r increases, the normalized average Aol of our
SWIM policy approaches closer to the lower bound obtained from the relaxed problem. This observation

is again consistent with our result in Section on the asymptotic optimality of the SWIM policy.

6. CONCLUSION

In this work, we study the problem of minimizing Aol in heterogeneous multi-channel systems. We
formulate the problem as an infinite-horizon constrained MDP. Existing results on Whilttle index cannot
be applied to such a system with heterogeneous channels. Instead, we introduce a new notion of partial
indexability, which is defined given the costs of all channels except one. Then, we propose a new
scheduling policy, i.e., SWIM policy, based on partial index and MWM. Under suitable conditions, the
SWIM policy asymptotically optimizes the total expected Aol of the system, when the system scale
is large. To the best of our knowledge, we are the first in the literature to develop low-complexity
and asymptotically optimal policies for weakly coupled MDP with multiple heterogeneous resources.
The simulation results demonstrate near-optimal Aol performance that outperforms other multi-channel
scheduling policies in the literature. For future work, we will study more-efficient computation of partial

index, and other Aol problem settings, e.g., with stochastic arrivals.
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APPENDIX A

PROOF OF THEOREM [3. 10

The proof of Theorem consists of the following steps. Given the policy wswv in Algorithm
since (¥, 72, X ) is a global attractor according to Definition we have that the fixed point of fluid

source-state process and channel costs converge to the fixed point of Algorithm |1} i.e., Z(¢t) — 2z’ and

—

X(t) — X'. From Theorem since {7, 2, \'} is equivalent to the fixed point {Z, 7%, \*} of the relaxed
problem, we also have Z(t) — Z*, X(t) — A*. As a result, the scheduling decision Zgwin(t) — & as
well. Since {7, z*, X*} are the optimal solutions for the fluid version of the relaxed problem and
incur cost value V*, it implies that the fluid-scaled cost value under 7wswry converges to V'*. By utilizing
the result from [20, Prop.], the actual fractions of source-state vector Z.n(t) — Z(t) and Vi — V*
in the steady state as 7 — oco. As we mentioned in Section V* of the relaxed problem is a lower

bound on the average cost per stage. Hence, we can conclude that the proposed policy is asymptotically

optimal.

APPENDIX B

PROOF OF LEMMA

Suppose the policy 7* satisfies (19), i.e., w* is the optimal policy under X*. To show that 7w* is MTT,
we just need to verify (1)-(3) in Definition Before that, we first show a lemma on the monotonicity

of the optimal value function under 7*.

Lemma B.1. The optimal value function f(d) in (I9) under 7* is a non-decreasing function in d,¥d > 1,

ie.,

d<d = f(d)<f(d) (21)

Proof. The proof utilizes the result of [25, Prop. 3.1], which considers a finite 7T'-stage total cost MDP
problem. Recall that the sub-problem is described by state space S, action space I/ and the transition

probabilities (2) and (3). At each time ¢, let & € = be a discrete time stochastic process that represents the
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perturbation due to random channel events. Similar to [25]], we assume that there exists a state transition
function 2 : § x U x Z — § that describes the system evolution, i.e., st+1éﬂ(st, ug, & ). First, note that
the sub-problem satisfies the following conditions. For 1 < d < d', u € {0,1,...,M} and £ € Z, we
have

1) Q(d,u, &) < Q(d',u,&). In other words, the order of the next states preserves because, at state d

(and d'), the next states either increase to d + 1 (and d’ + 1), or become exactly 1.

2) Let gu(d) = Ay + (1 — pu)d be the per stage cost in (I9). Then, we must have g, (d) < g, (d').

3) &.+1 € = is independent of the state d € S.
Let Fr(d) denote the value function for the T-stage total cost minimization problem. By [25 Prop. 3.1]

and the above conditions, for any finite 7', we have
d< d — FT(d) < FT(d/).

Note that the value iteration (VI) algorithm for the infinite-stage average cost problem is guaranteed to
converge [17]. Recall that increasing the number of iteration is equivalent to increasing the number of
stages T'. Thus, for any € > 0, there exists a T,y such that, for all T > Tip,, we have sp(Frp(-) —
Fr_1(+)) < €, where sp(-) is the span of a function. Thus, we have |f(d) — (Fr(d) — Fr(1))] < d(e).
Clearly, Fr(d)— Fr(1) is non-decreasing in d, since Fr(-) is non-decreasing in d for any finite 7. Hence,

the lemma follows by taking € — 0. |

Now we proceed to verify the conditions in Definition Since the following discussion are for a
fixed X, we slightly abuse the notion by defining um(d)éum(d, X) (recall that we remove all superscript
g in (@) and fin(d, X) = A + (1 — pm)[d + f(d + 1)]). For Condition (1) of Definition (i.e.,
“threshold-based”), for d > 1 and h,l € {0,1,..., M} such that p, > p;, from we have

pn(d) — pu(d)
= A+ (I=pp)[d + f(d+1)] = [N + (1=p;)[d + f(d+1)]
=X — N+ (= pu)ld + f(d+1)]. (22)

By Lemma [B.1] we have that d + f(d + 1) is strictly increasing in d. Noting p; — pj, < 0, pp(d) — i (d)
must be a strictly decreasing function of d. As a result, there must exist a threshold H”! such that
pn(d) > m(d) for d < H™, and pp(d) < p(d) otherwise. Thus, Condition (1) of Definition
follows.

For Condition (2) of Definition (i.e., “ordering of channels”), we prove by contradiction. Suppose

dy < da, and m*(dy) = h,m*(dz) = [ as in the statement of this condition. Suppose in contrary that p; >
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h;. For dy, from and m*(dy) = h, we have up(dy)—pi(di) = A —Ni+ (1 —pn)[di+ f(d1+1)] < 0.

Now, for dy, we have

pn(dz) — pi(de) = Ay — N+ (0 — pr)[d2 + f(d2 + 1)]
<A =N+ (o —pn)[dy + f(dy +1)]

<0

)

where the strict inequality is from p; — p, < 0 and the fact that d 4+ f(d + 1) is strictly increasing in d.
Thus, pp(da) < p(ds) contradicts with m*(ds) = 1. Hence, Condition (2) of Definition 4.1 is true.
For Condition (3) of Definition (i.e., “channel dominance”), suppose % < % with 0 < p; < pp,.

This implies that A\pp; < A\;pp and

An _ An(pn—p0) _ Anpn—Apn A — N
o puPh =) ph(Ph—m1) PR — D
To show the condition, it suffices to show that, whenever p;(d) < po(d),Vd > 1, we have up(d) < p(d).

Notice that the expression for fi,,(d) also holds with )\OéO and poéO. From (22)), we have y;(d)—puo(d) =
AN —pi[d+ f(d+1)] <0. Thus, we have
AN A AN

d+ fld+1)> —>—> .
b Dh bPn — Di

Combining the above equation with (22), we have pp(d) < p;(d). Thus, channel [ is never the optimal
choice for any state d > 1. Hence, Condition (3) of Definition also holds, and the result of Lemma [4.2]

follows.

APPENDIX C

PROOF OF LEMMA [4.3]

Recall that the Bellman equation takes the equivalent form (10)

fd)+ = min gu(d,X)+;pds(u)f(s) , (23)

where g,,(d, X) = Ay +d(1—p,) is the stage cost for state d on channel u in the sub-problem. Denote the
optimal policy for the sub-problem under original costs X and increased costs X as 7 and 7/, respectively.
According to the equivalence between average cost per stage problem and stochastic shortest path (SSP)
problem [[17, p.176], f(d) can be related to the cost of a SSP problem to a recurrent state (. In our case,
we can choose this special state as ( = 1. Let q;z be the transition probability from state s to state ¢

under policy 7, i.e., ¢5- = Pr(s). Then, it is known that f(d) can be written as [17]
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f(d) = min | E™{cost to reach ¢ from d for the first time}

™

— E™{cost incurred from d to ( if the stage cost were .J SH- @4

Notice that such a trajectory from state d to state ( = 1 must first experience a number of time-slots
with no successful transmission, in which case the state goes to d + 1,d + 2, ..., until it reaches a state
s’ and experiences a successful transmission, in which case the state goes back to 1. For any state s > d,

the probability that the trajectory will go through s (regardless of the future events after state s) is
s—1
Pr{the trajectory from d to 1 goes through s} = H(l = qj¢)-
j=d

When this event occurs, the cost at state s, i.e., g.,,(s)(s, X), will be added to the first term of . Now,
let Costgc(X) and N;’C be the expected cost and expected time, respectively, to reach ¢ from d for the

first time under 7. Then, given policy 7r, we have

00 s—1
COStZirC(A) - Zgﬂ'(s) (3? )‘> H(l - qyg)a (25)
s=d j=d
oo s—1
Nz =Y 1[0 -d0). (26)
s=d j=d

Here in the above equations, when s = d, we use the convention that ]_[;l;;(l — q}'c) = 1. Then, since

7 is the optimal policy that produces the minimum average cost of .J § is equivalent to
f(d) = Costge(\) — Nge - J}. 27

Similarly, we can write f’(d) as

/

f/(d) = CostZ (X') = NT. - J5,
< Cost:(X') = NJ. - J, (28)
< CostT,(X) — NJ. - J}. (29)

The first inequality is from (24), as we replace the optimal policy 7" under costs X' by policy 7. The

second inequality comes from the fact that J ; >J /i\k. Note that if channel m is the preferred choice
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*

under 7 for any state, then J/i\f, > J 5 and the inequality ll becomes a strict inequality. Therefore, we

have
f(d) = f(d)
< [Cost(X) = NJ. - J3] — [CostT, (X) — N, - J2]

= Cost,(X') — Cost.(X)

00 s—1 s—1
= Zgﬂ'(s)(87 X/) H QJC Zg‘n’ (s) H(l - Q;rg)
s=d j=d j=d
00 s—1
= Z[gﬂ'(s) (37 X/) - gﬂ'(s)(S: X)] H(l - q;TC)
s=d j=d

(The term in [] equals to A if policy 7r uses channel m in state s, and 0 otherwise.)

= > A Hl—qyc (30)

s (s)=m
Then, we divide into two cases. (1) If m = M, recall from the MTT property of 7 in Definition {.T}(1)
that channel M is always the preferred choice for some state no less than Hj;. Thus, we must have
J%, > J%, and strict inequality is taken for ((29)). Further, the summation in (30) has an infinite number

of terms, i.e., we have

fld)-fd< > A ﬂl—qjc

siw(s)=M j=d
oo
<A- § : (1 o pM)sfdJrl
s=Huy
oo
A
<A- E (1—pa)* M = —.
s—Hyy bm
(Here H; is the threshold for channel M. Note that Hfj§71(1 af) < 1)

(2) If m # M, the sum in (30) has a finite number of terms, since 7 will eventually switch to channel

M for some states no less than Hj;. Thus, we have
P - f@ <Y A H — )

Hypp—1
<A- Z i l—pm)s*H’”

<A- Zssz(l — p) ST = —

Combining (1) and (2), we have the result of the lemma.
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APPENDIX D

PROOF OF LEMMA [4.4]

According to (27), we have

f'(d) = f(d)

= Costf (X) = NT - J%, — [CostF(X) — N - J3].

According to Lemma [.2] the optimal policy for sub-problem given any cost vector is of multi-threshold

type (MTT). Suppose d > H/,, where H,, is the threshold for channel m under policy #’. By definition
(24), we have

f(d) = CostT(X) = NT; - J:
< Costf (X) — N - J}. (31)
Thus, we have

f(d) — f(d)
> Cost (X) — N - J3, — [CostF, (X) — N - J3]
Z [gfr’(s S, )‘/ J* (gﬂ"(s i| H (32)
s=d :
We now divide into two sub-cases. If m = M, since d > ij we have #'(s) = M for all s > d.

Therefore, the term in [] of (32) equals to A — (J = ;) > 0, and we immediately have
F(d) — f(d) >0, ford> H,. (33)

Thus, we only need to show the other sub-case when m = M. In this case, note that 7'(s) = m
for H), < s < H}, . For those s such that H), < s < H, , the term in [] of (32) also equals to
A—(J;\‘»,—Ja) > 0. Further, when s > H,, . |, we have 7/(s) > m+1 and thus g, (5)(s, N) = Irr(s) (5, ),
and the term in [-] of equals to J3 — J%, < 0. Now, we further divide into two sub-sub-cases based

on the value of d.

o (d>H)], ) Forall s > d, since 7'(s) > m + 1, the summation term for each s in (32) is negative.
Also, since 7’ is MTT, from Definition (2), we have q}’g > Pm+1 for j > d. Thus, we can obtain
a lower bound for (32) as

s—1 oo s—1

62 = Z ~S+ D II0-g0 =5+ 110 -

j=d s=d j=d
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co s—1

D [ (SR )

s=d j=d
= (= J5 + T3 Y (1= pps1)*™

s=d
1
Pm+1 ’

= (T3, + %) (34)

o (H), <d< HJ, ) In this case, the summation in (32)) contains some positive terms for d < s <
H;, ., — 1, and the negative terms for s > H, . Since 7’ is MTT, from Definition 4.1 E—(2) we
have q}’c/ > pmy1 for j > H] . Thus, we can obtain a lower bound for (32)) by omitting all the

. /
positive terms from s =d to s = H,, .| — 1, i.e,,

[e.o] —

> Y (=T + T3 H
s=H], ., j=d
o _
> —J3, + J3) H
Hm+1 H
> Z =T, + T (1 = ppga)* s (35)
s=H] .,
Ry (36)
Pmt1 N A
Thus, in both sub-sub-cases, we have f'(d) — f(d) > _;fn’i:]x Finally, when m # M, since there

always exist some state d’ > H/, whose stage cost does not increase, we must have J; —J § < A. Thus,

_JE 4T
P~ fld) > XTI A 37)

Pm+1 Pm+1
Hence, combining (33)) and (37)), the result of the lemma holds for d > H/, and for all 1 < m < M.

APPENDIX E

PROOF OF PROPOSITION [4.3]

To prove that the sub-problem (8) is partially indexable, it suffices to show the following two statements,
i.e.,
(i) If d € Pp(X), then d € Py, (X) must hold for X = [A1, ..., Am + A, ..., Aps], where A > 0.
(ii) If A, = oo, then Pm()\) =S.
Since the optimal policy for any sub-problem is MTT from Lemma the passive sets under X can be

expressed as

PN ={1,... . Hp—1} U{Hpy1,...} if m< M, (38)



33

and

Pu(X) ={1,..., Hy—1}. (39)

To show statement (i), it suffices to show Pm(X) - Pm(X’ ), which is equivalent to show

e H, <H Ym<M,;

o Hypp1 > H), ,Ym < M.

We first show H,,, < H],,Vm < M. For the purpose of contradiction, suppose H,, > H,, . Then, at
state H! | policy 7 prefers action 0 < [ < m over channel m, i.e., p(H.,, X) < pm(H!, X). From (22),
this implies that

(Pm = p)[Hy + f(Hy + 1)) < A = A (40)

Similarly, given X, policy 7/ must prefer m over other channels at H,, i.e., pp (H.,, N') < p(H.,, X).
This implies that
(Pm — P Hy, + f/(Hp + 1] 2 X, = A (41)

Recall that X/, = \,;, + A. From and (1), we have
A A

Pm — Pr Pm
However, this clearly contradicts with Lemmathat f(d)—f(d) < z%' Thus, H,, < H) V1 <m < M

f(Hy, +1) = f(Hy, +1) >

must hold.
Next, we show H,,,y1 > H,, ,if m < M. For the purpose of contradiction, suppose Hy, 1 < H,, ;.
Since 7 is MTT, at state d’ = H/

m

channel m, which implies that d > Hj, > H,,+1. From Lemma and Definition (1), we have
/Lm(dla X) 2 :uerl(d/? X)? Le.,

11— 1 > Hyyy1, policy m must prefer some channel i > m over

(Pm1 = Pm)[d 4 F(d' +1)] > A1 = A (42)

On the other hand, policy 7/ must prefer channel m at d’ = H!,; — 1, i.e., o (d', X) < pynyr (d', X).
This implies that
(pm+1 - pm)[d, + f/(d/ + 1)] < )\;n_t,_l - )‘{m (43)
Noting that A}, ; = Apy1 and A7, = A\, + A, subtracting (#2) from (@3), we have
st~ P& 1) = Fd + )] < A — Xy = —A.
Since pm+1 — Pm > 0, we have
A A

fd+1)—fld+1)<— < - :
Pm+1 — Pm Pm+1
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However, since d’ +1 = H/,
f(d/+1) = _P +1°
So far, we have shown that H,, < H],,Ym < M and H,,41 > H], ,Ym < M. Thus, P, (A )

41 = H,,, this contradicts with the result of Lemma [4.4 that f'(d’ + 1) —

Pp(XN), and statement (i) must hold. For Statement (ii), it is clear that i, (d, X) > po(d, X) holds for

any finite d when \,, = co. Hence, we conclude that the sub-problem (8) is partially indexable.

APPENDIX F

PROOF OF LEMMa [4.6]
According to (27), we have
f'(d) = f(d)
= Costf(X') — Coste () — [N - J;, — N - J3.

According to Lemma [.2] the optimal policy for sub-problem given any cost vector is of multi-threshold

type (MTT). Next, we divide into three cases.

Case 1: d > H),

This case is shown in Lemma [4.4]

Case 2: 1 <d< H,,

Recall that we have H,,, < H,, from the proof of Prop. where H,, and H, are the threshold
for channel m under policy 7 for X and that under =’ for X, respectively. Define the policy 7 as the

following: 7 follows the decisions of policy 7 for 1 < s < d, and follows policy 7’ otherwise. Then,

by (24), we have

(1) < CostZ(X') — NF - J%,

d—1 s—1 d—1 R

=3 [gum (X0 = 73 [ TIO = ) + £/@ TT (1 - a)
s=1 j=1 j=1
d—1 s—1 d—1

=3 [gum (X0 = 73 | TIO = ) + £@ TT (1 - a) (44)
s=1 j=1 j=1

By definition, f’(1) = 0. Thus, we have
1 d—1 s—1
) = — T3 = 9um (5. ) TTO - ) (45)
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Similarly, by expressing f(1) in terms of f(d), we have

fd) = = Z[Jﬂ Guim) sA]H — %) (46)

From @3) and @6), we have
f'(d) = f(d)
Zg;% |:J§/*gu(7r)(sv X,)*Jif + Gu(m) (S, X)] Hj;%(lfqyg)
1= (1—q%)
el DAL D | e {CES
_ 1 [ X d—1/\} Jj=1 3¢ > 0. (47)
Hj:l(l_Q}Z-)

The first equality above is from g, (s, N = Gu(m) (55 ), since 7 does not use channel m for state

>

s <d-—1, where 1 <d < H,,. Hence, the lemma holds for 1 < d < H,,.

Case 3: Hy, < d < H),

For Case 3 to be non-empty, we must have H,, > H,, + 1. In other words, policy 7’ uses some
lower-rate channel 7’(d) < m, while policy 7 uses higher-rate channel 7 (d) > m for H,, < d < H),.
In fact, from Prop. 7(d) = m must hold for H,, < d < H), because H,, < H], | < Hyy1.

Now we focus on the range H,, < d < H,, where 7 uses channel m and 7’ uses channel =/(d) for

state d. From Bellman equation (I19), we have (recall that f(1) = f’(1) = 0 by definition)

F1(d) = Grray(d, X) + (1 = progay) f(d + 1) — 5
and

F(d) = gm(d, X) + (1 = p) f(d+ 1) = J5,

where g/ (q)(d, XY = )\;,<d) + (1 = prr(ay)d is the per stage cost under 7’ for state d. Denote Af(d) as

A

Af(d) =f'(d) — f(d)
= g‘n'/(d)(d’ X/) + (1 - pﬂ"(d))f/(d + 1) - Jj\*'/ - [gm(da X) + (1 - pm)f(d + 1) - J§i|
= Grr(a)(d; N) + (1 = prrga)) f(d + 1) — [gm(d, X +A+ (1= pm)f(d+ 1)]

A+ (L =p)[f(d+1) = fd+1)] = J5, + J;

(By adding and subtracting A + (1 — py)f/(d + 1) on RHS.)

= (@@ X) = 1 (@, X)] + A = T3, + T3 + (1 = pm) Af(d+1). (48)
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Denote Afir(qym(d; )\) =iz (a)(d, X) = pm(d, N) < 0 for H,, < d < H!,. We next show that
Apirer(dy,m(d, X') is strictly increasing in d for H,, < d < H!,. To see this, note that Apirr(dy,m(d, XY =
Ar(@) = Am + (Pm — Pr@))(d + f/(d + 1)). Since p, > pr(q) and f'(d + 1) is increasing in d by
Lemma we have that Apﬂ.,(d)’m(d, N ) is strictly increasing in d for H,, < d < H/,. Denote the

first few terms in (@8) as
o(x',d, N2 [Mﬂ,(d)(d, ) = pm(d, X/)] A=+ T (49)

Then, 6(=’,d, \') is also strictly increasing in d for H,, < d < H!,. Re-arranging @8] with @9), we

have

Af(d+1) = [Af( ) — 0(x', d, )\)] (50)

1- Pm
We next show that the result of the lemma follows from (30) and the monotonicity of 8(w’,d, \') in

d. At a high level, since 6(x’,d, X') is increasing in d, we can show that Af(d) may first increase

in d from d = H,,, and then decrease in d until d = H],. However, since we have also shown that
Af(Hy) > 0 (ie., Case 2) and Af(H],) > —m (i.e., Case 1), we must have Af(d) > — A+ for

all H,, < d < H!_ . Specifically, we divide into three cases depending on the signs of #(’,d, X') and

Af(d) = 0(x',d,X).

a. If6(x',d, N') < 0, since 6(w’, d, \') is increasing in d for H,, < d < H/,, we must have f(x’,d, X') <
0 for H,, < d < d. Also, from the result of Case 2, we have Af(H,,) > 0. Using induc-
tion in d, we can then show that, for all H,, < d < d, it must be true that Af(d + 1) =

L [Af(d) —0(n',d, X’)} > Af(d) - 0(x',d,N') > Af(d) > 0. Thus, Af(d) must be non-
decreasing from H,, to d + 1. We must then have Af(d) >0

b. If O(x',d, ') > 0 and Af(d) > 6(x’,d, X'), it holds trivially that Af(d) >0

c. If 9(x',d,X) > 0 and Af(d) < O(x',d,N), since O(x’,d, ') is increasing in d, we must have
O(',d,X') > 0 for all d < d < H! . We now show by induction that Af(d + 1) < Af(d) for all
d<d< H!,.

« Base case: When d = d, we have Af(d + 1) = 1fpm [Af(d) —0(n',d, N)| < Af(d) —
(', d, N) < Af(d).

« Induction step: Suppose that Af(d’ + 1) < Af(d') for all d < d’ < d. We wish to show that
Af(d+2) < Af(d+1). Towards that end, from the hypothesis, we have Af(d+1) < Af(d). Since
O(x',d, N') is increasing in d, we have Af(d+1) —0(x',d+1,X) < Af(d) — O(x',d,X') < 0.
Thus, from (50), we must have A f(d+2) = %M[Af(d—l— 1) —0(x',d+1,X)] < Af(d+1)—
O(x',d+1,X) < Af(d+1).
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Therefore, we have shown Af(d) is decreasing in d for all d < d < H! Since we have already
shown in Case 1 that Af(H],) > —ﬁ (recall that pM+1é1), it must then be true that Af(d) >
Af(Hp,) > =52 ford < d < H},.

From (a)-(c), we have shown that Af(d) > —ﬁ for H,, < d < H},.

Combining above 3 cases, the result of the lemma follows.

APPENDIX G

PROOF OF PROPOSITION [4.7]

Now, we proceed to show the three statements in Definition [32[} Consider 1 < m < M. First, to show
(i), it suffices to show that for any € > 0, jiy(d, X) < px(d, X) +¢,Vk # m, k > 0. From the definition in
(12), for any ¢ > 0, at the cost Xgé[)\l, ce oy Am =0, ..., Apr|, we must have i, (d, X(;) < pg(d, X(;),Vk #+
m, k > 0. Now consider the situation at cost X. We have

- -

pm (dy A) = pu(d, X)
= Am = M+ Bk — pm)[d + F(d+1,3)]
- ()\m — 6= Mo+ (P — pm)d+ f(d+1, XJ)])
+ 0+ (pr = p)[f(d+ 1, 3) = f(d+1,%)]
<8+ (o —p)[F(d+1,5) = f(d+1,X5)], (51)

where the last inequality follows from f,,(d, Xs) < pk(d, Xs). Since fd+1, X) — f(d+1, Xs) is uniformly
bounded by Lemma and Lemma we can choose d(e) > 0 such that 6(¢) + (px — pm)[f(d +
1L,X) — f(d+ 1,X5(6))] < €. Thus, for any € > 0, pum(d, ) < pi(d, X) + €,Vk # m,k > 0 must hold.
The result of (i) then follows.

To show (ii), consider the cost A; (6)é[Im(d, X—m) —8, A_m], where the m-th element of X is replaced

by I (d, X_p,) — 8. By definition of partial index (T2), for any § > 0, we have

—

pim (dy X1, (8)) < pu(d, Xp, (8)),Vk # m, k > 0. (52)

-

Choose A = § = M > 0. Then, noting that A7 (g)m = Am + A, at cost X we have

— -

Nm(dy )\) - ,Ufk(dv )‘)
:)\m_)\k+(pk_pm)[d+f(d+1vx)]
= (A + A= X+ (= p)ld + F(d+ 1,57, (6)])

= At (pr = p)[f([d+1,%) = f(d+1,37,(9))]
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< - (A + (pk _pm)[f(d+ 175"17”(5)) o f(d+ 1’X)]) ’ &9

where the last inequality follows from (52). If px. < p,, from Lemma we have i, (d, ) — s (d, X) <
—(A+(pr—pm) ﬁ) < 0, which is exactly the conclusion in part (ii) of Deﬁnition Note that if m = M,
then pr < pys for all k, and hence this is the only case that we need to consider. Thus, it only remains
to show that i, (d, X) < px(d, X) even if m < M and pj, > py,. Towards this end, suppose m < M and
P > Pm. Note that must hold for k¥ = m + 1. From Lemma we have i, (d, X) — pm1(d, X) <
—(A = (pm+1 —pm)ﬁ) < 0. It then only remains to show that fim, (d, X) < i (d, X) for all k > m+1.
Recall that 7w is MTT (Definition (1)): since fip, (d, X) < tm1(d, X), then d < Hp,41 < Hy must
hold. For the purpose of contradiction, suppose f;(d, X) < pm(d,X) for some k > m + 1. Then,
since iy (d, X) < pim1(d, X), we must have i (d, X) < pimi1(d, X). We now show that this also implies
1 (d, X) < pimsr (&, X) for all & > d. To see this, note that since py11 < pi, and f(d’') is non-decreasing
in d’ from Lemma , we must have that A 41 (d, N) = pu(d, XN) = g (d', X) = Mg — A1 +
(pms1—pi)|d + f(d +1)] is decreasing in d’. It must then be true that ju,(d’, X) < pim1(d’, X),Vd' > d.
In particular, when d’ = H,, 1 (recall that d < H,,+1), we must have gy (Hypt1, X) < i1 (Hpg1, X)
However, by definition of H,,,1, we must have Mm—O—l(Hm—l-l;X) < uk(HmH,X),Vk <m+ 1,k >0,
which is a contradiction. Thus, p,,(d, X) < px(d, X) for k > m + 1. Hence, (ii) holds.

Finally, if I,,(d, X,m) < Am., by definition of the index, at cost X there exist some channel k such that
L (d, X) > pi(d, X). (Otherwise, A,, would have been the index for channel m by definition.) Thus,
(ii1) is true.

Hence, the result of the lemma follows.
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